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Abstract 

Johansson et al. (2002, 2003) estimated a constrained gravity model to capture 

distance-friction parameters present in the commuting pattern in Sweden. In this 

paper the same model is once more estimated to investigate the change over time. 

This investigation is fruitful, since one major deviation from the earlier results is 

observed. I also extend the model to incorporate wages and house prices. It turns 

out that these additional constraints have only minor effects on the distance friction. 

This is important, since the distance friction is used as input in calculating 

accessibility and potential measures used in many studies. 

 

 

Keywords: commuting, gravity model, distance friction, proximity preference, wages, 

prices 

1. Introduction 

Johansson et al. (2002, 2003) studied the Swedish commuting pattern. They estimated a 

constrained gravity model to find distance-friction parameters (one local, one regional, 

and one for commuting between regions). Johansson (2003) suggested that they could be 

used to calculate accessibility measures split into a local part, a regional part, and a part 

from other regions. For example, you may use accessibility to knowledge production as 

input in a study of creativity and patents. It is particularly the idea of accessibility 

measures on three different spatial levels that has been adopted. For example, Andersson 

and Ejermo (2005) study knowledge sources and innovativeness of corporations, Gråsjö 

(2006) studies spatial spillovers of knowledge production, Karlsson and Olsson (2006) 

study how to define functional regions, Johansson and Karlsson (2007) study R&D and 

export diversity, and Andersson and Gråsjö (2009) study representations of space in 

empirical models, Olsson (2012) studies the work at the public employment offices, 

Backman (2013) studies human capital and firm productivity, Larsson and Öner (2014) 

study retail location, and Larsson (2014) studies the density-wage relationship. In this 

paper, I repeat the calculations using a later dataset. In that way, the stability of the 

parameters can be investigated. In this exploration, I find one peculiar result. It turns out 

that, the local distance-friction parameter changes a lot. This is caused by changes in the 

commuting-time data. 
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In the earlier study, we fitted a commuting pattern such that the number of workers living 

in a municipality is equal to the true number, the number of persons working in a 

municipality is equal to the true number, and the total commuting time is equal to the true 

number. We also incorporated that the economy is clustered. We added constraints on the 

number of commuters, and their commuting time for local commuting, regional 

commuting and commuting between regions. Perhaps, it is not enough to have a place to 

live and somewhere to work. Perhaps the wage you earn and the house prices you pay 

also matter. In this study wage and price constraints are added to the model. I do this to 

investigate to what extent the distance-friction is affected. It turns out that these extra 

constraints have only marginal effects on the distance-friction parameters. 

2. Commuting 

Most workers have a relatively short commute; it is rare to find a worker with a really 

long commute. This tendency is illustrated in Fig. 1. You could study commuting at the 

individual level with a discrete-choice model of logit type. An alternative is to study the 

aggregate commuting pattern. Anas (1983) shows that the solution to a gravity model and 

the solution to a discrete-choice model are identical. A gravity model of the aggregated 

commuting pattern relates interaction to an origin weight function, a destination weight 

function, and a distance deterrence function (Sen & Smith 2011). I use municipalities as 

the spatial unit of analysis. However, the municipalities are more or less related to each 

other. I will model this relatedness across municipalities using so called functional 

regions. It is possible to form functional regions using several approaches. The basic idea 

is that a functional region is built from municipalities with a relatively high level of 

interaction. In our earlier work we used the local labor market definition of a functional 

region. Then a local labor market is defined as municipalities that are relatively 

connected by commuting. The local labor market has a self-sufficient center and 

surrounding municipalities. The surrounding municipalities are added to the core or a 

municipality connected to a core municipality using one-way commuting. An alternative 

is to create commuting zones using two-way commuting. Obviously, it is also possible to 

make other considerations. Karlsson and Olsson (2006) present some methods and 

alternatives. The exact version of the functional region is not that important. The results 

will be similar if another version is picked. The basic reason is that most municipalities 

would be aggregated to the same functional region, independent of approach. 

The commuting pattern gradually changes with time, and the area under the curve 

in Fig. 1 gradually shifts to the right with increased mobility. Not much happens to the 

pattern during a short period of time, but the pattern may change significantly if you 

observe a longer period. In Sweden, the daily average mobility of persons has increased 

from half a kilometer in the year 1900 to 45 kilometers in the year 1999 (Andersson & 

Strömquist 1988; SIKA 2000). The Swedish Institute for Transport and Communications 

Analysis (SIKA) has been replaced by the government agency Transport Analysis, and 

they estimate that the 2011 mobility is 44 kilometers (Transport Analysis 2013). This 

change is also readily seen in the number of functional regions. With a long-term 

perspective, the number of functional regions has declined. This means that we will build 

a model that captures the spatial structure at a point in time. The overall tendencies will 

be the same for example ten years later, but the models should be rerun sometimes with 

the then present spatial structure. 
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Figure. 1: Interaction declines with distance 

3. Data 

I study the commuting pattern in Sweden 2006. At that time, Sweden was separated in 

289 municipalities. Hence, there are 83,521 commuting links. For each link, the data 

contains information whether the commute is local, regional or between regions, the 

commuting time, and the number of commuters. The data has several sources. The 

commuting information originates from the Labor Statistics based on administrative 

sources (RAMS) from Statistics Sweden. The information regarding the spatial structure 

originates from the Swedish Agency for Economic and Regional Growth. The 

commuting times come from The Swedish Road Administration. Statistics Sweden also 

provided the wage per municipality and house prices per municipality 2006. 

4. Models, Matlab programs and results 

The country consists of 𝑛 municipalities. A worker commutes from the home 

municipality, 𝑖 = {1,2, … , 𝑛}, to the work-place municipality, 𝑗 = {1,2, … , 𝑛}. I collect all 

observed commuting information in the (𝑛 × 𝑛) commuting matrix, 𝐜 = [𝑐𝑖𝑗]. A solution 

to a model would give the estimated commuting matrix, �̃�. There is a corresponding 

(𝑛 × 𝑛) commuting-time matrix, 𝐭 = [𝑡𝑖𝑗]. I introduce a (1 × 𝑛) unit row vector, 𝐮. Then 

the (𝑛 × 1) night-population vector is the row sum of the commuting matrix, 𝐨 = [𝑜𝑖] =

[∑ 𝑐𝑖𝑗𝑗 ] = 𝐜𝐮′, and the (1 × 𝑛) day-population vector is the column sum of the 

commuting matrix, 𝐝 = [𝑑𝑗] = [∑ 𝑐𝑖𝑗𝑖 ] = 𝐮𝐜. I want to model the spatial structure in the 

form of matrices; I use three dummy variables to classify that a commute may end in the 

home municipality, in another municipality in the same functional region or in another 

region. When a commute ends in the home municipality 𝑘𝑖𝑗 = 1, otherwise 𝑘𝑖𝑗 = 0. If a 

commute ends in another municipality within the home region 𝑙𝑖𝑗 = 1, otherwise 𝑙𝑖𝑗 = 0. 

If the commute ends in another region 𝑚𝑖𝑗 = 1, otherwise 𝑚𝑖𝑗 = 0. This information is 

collected in the (𝑛 × 𝑛) regional dummy matrices 𝐤 = [𝑘𝑖𝑗], 𝐥 = [𝑙𝑖𝑗], and 𝐦 = [𝑚𝑖𝑗], 

respectively. In this study, I only include links with 𝑡𝑖𝑗 ≤ 150 minutes. 

In this section, I will present three models of commuting. I build models using 

aggregated data, and maximize entropy given a set of constraints. The solution for the 

commuting function has the same form as the one derived from a logit model of  

 
Travel time 

Interaction frequency 
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individual (discrete) choice (Anas, 1983). The first model has 582 unique constraints. In 

an earlier paper (Olsson, 2015) I described in detail how to solve exactly this model. That 

paper gradually introduces constraints into the models and applies them on a 

downloadable dataset (commuting in Sweden, 1998). Moreover, that paper also contains 

the Matlab programs used. To this paper, the programs have been expanded to include 

income constrains in Model 2, and income and housing expenditure constraints in Model 

3. This is quite straight forward given the explanations in Olsson (2015). The second 

model has 871 constraints. The third model has 1,160 constraints. 

4.1. Model 1 

The objective is to maximize system entropy (1), ∑ ∑ 𝑐𝑖𝑗ln (𝑐𝑖𝑗) − 𝑐𝑖𝑗𝑗𝑖 =

−𝐮(�̃� ∘ ln(�̃�) − �̃�)𝐮′, subject to the 582 constraints, (2)-(9). I use the Hadamard product 

sign, ∘, for entrywise multiplication of matrices. 

The true number of commuters within a municipality is 𝑝1 = ∑ ∑ 𝑘𝑖𝑗𝑐𝑖𝑗𝑗 =𝑖 𝐮(𝐤 ∘

𝐜)𝐮′. The true number of commuters between municipalities in the home region is 𝑝2 =
𝐮(𝐥 ∘ 𝐜)𝐮′. The true number of commuters between regions is 𝑝3 = 𝐮(𝐦 ∘ 𝐜)𝐮′. In this 

study, the total working population is divided such that 𝑝1 = 2,812,614, 𝑝2 = 817,802 

and 𝑝3 = 217,366. The constraints (2)-(4) ensure that the population is divided in this 

way also in the model. To each constraint there is a proximity-preference parameter, 𝛿1, 

𝛿2, and 𝛿3, respectively. The true total commuting time within a municipality is 𝑟1 =
∑ ∑ 𝑘𝑖𝑗𝑐𝑖𝑗𝑡𝑖𝑗𝑗 =𝑖 𝐮(𝐤 ∘ 𝐜 ∘ 𝐭)𝐮′. The true total commuting time for commutes between 

municipalities within the home region is 𝑟2 = 𝐮(𝐥 ∘ 𝐜 ∘ 𝐭)𝐮′. The true total commuting 

time for commutes between regions is and 𝑟3 = 𝐮(𝐦 ∘ 𝐜 ∘ 𝐭)𝐮′. The three constraints (5)-

(7) ensure that the travel times in the model are equal to the true travel time. To each time 

constraint there is a distance-friction parameter, 𝛾1, 𝛾2, and 𝛾3, respectively. 

The model also ensures that the estimated number of workers that lives in each 

municipality is equal to the true number, 𝐨 = 𝐜𝐮′ = �̃�𝐮′. This adds 289 origin 

constraints, (9). However, only 288 origin constraints provide new information. The three 

constraints on the number of commuters together enforce that the number of commuters 

is equal to the working population. This makes the 289th origin constraint redundant, 

since it will be enforced by the other constraints. To each home municipality (i.e. origin 

constraint) there is a parameter, 𝛼𝑖. I collect all of them in the (289 × 1) column vector 

𝛂 = [𝛼1 ⋯ 𝛼289]′. I use one origin as base, and I chose to set 𝛼1 = 0. Model 3 also 

enforces that the estimated number of jobs in each municipality is equal to the true 

number, 𝐝 = 𝐮𝐜 = 𝐮�̃�. This adds 289 destination constraints, (10). As for the origin 

constraints, one of the destination constraints is redundant, since only 288 destination 

constraints provide information. To each work municipality (i.e. destination constraint) 

there is a parameter, 𝛽𝑗. I collect all of them in the (1 × 289) row vector 𝛃 =
[𝛽1 ⋯ 𝛽289]. I use one destination as base, and I chose to set 𝛽1 = 0. 

The problem is to maximize ℒ(�̃�, 𝛂, 𝛃, 𝛅, 𝛄) = Σ𝑠=0
8 ℒ𝑠, where the Lagrangian 

parts, ℒ𝑠, are found in (1)-(9). The solution to this problem is �̃� = exp (𝐯), where the link 

preference value matrix is 𝐯 = [𝑣𝑖𝑗] = 𝛂𝐮 + 𝐮′𝛃 + 𝛿1𝐤 + 𝛿2𝐥 + 𝛿3𝐦 − (𝛾1𝐤 + 𝛾2𝐥 +

𝛾3𝐦) ∘ 𝐭. For a particular link we have that 𝑣𝑖𝑗 = 𝛼𝑖 + 𝛽𝑗 + 𝛿1𝑘𝑖𝑗 + 𝛿2𝑙𝑖𝑗 + 𝛿3𝑚𝑖𝑗 −

(𝛾1𝑘𝑖𝑗 + 𝛾2𝑙𝑖𝑗 + 𝛾3𝑚𝑖𝑗)𝑡𝑖𝑗. 
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ℒ0 = −𝐮(�̃� ∘ ln(�̃�) − �̃�)𝐮′       (1) 

 

ℒ1 = 𝛿1(𝐮(𝐤 ∘ �̃�)𝐮′ − 𝑝1)       (2) 

 

ℒ2 = 𝛿2(𝐮(𝐥 ∘ �̃�)𝐮′ − 𝑝2)       (3) 

 

ℒ3 = 𝛿3(𝐮(𝐦 ∘ �̃�)𝐮′ − 𝑝3)       (4) 

 

ℒ4 = 𝛾1(𝑟1 − 𝐮(𝐤 ∘ �̃� ∘ 𝐭)𝐮′)       (5) 

 

ℒ5 = 𝛾2(𝑟2 − 𝐮(𝐥 ∘ �̃� ∘ 𝐭)𝐮′)       (6) 

 

ℒ6 = 𝛾3(𝑟3 − 𝐮(𝐦 ∘ �̃� ∘ 𝐭)𝐮′)       (7) 

 

ℒ7 = 𝐮(𝛂 ∘ (�̃�𝐮′ − 𝐨))        (8) 

 

ℒ8 = (𝛃 ∘ (𝐮�̃� − 𝐝)) 𝐮′        (9) 

 

Wages and prices are not explicit in a model of this form. However, wages and prices 

are, in a way, already present in the first model. This was noted in Olsson (2002), 

regarding the wage constraint. I let the wage vector, 𝐰 = [𝑤𝑗], and the house price 

vector, 𝐱 = [𝑥𝑖], be (1 × 289) row vectors. Constraints 8 and 9, could have been 

formulated as constraints as (10) and (11). Constraint 10 maintains that the amount paid 

for housing is equal to the true amount per home municipality. Constraint 11 maintains 

that the wage sum produced per municipality is equal to the true amount. Moreover, this 

implies that the gross municipal product in the model is equal to the true amount, 

assuming that workers earn a particular share. Constraints 10 and 11 are equivalent to 

constraints 8 and 9. A model using constraints 10 and 11 instead of constraints 8 and 9 

gives us estimates 𝛂∗ and 𝛃∗, respectively. Let me refer to 𝛂∗ as the direct (origin 

specific) house-price parameter vector and 𝛃∗ as the direct (destination specific) wage 

parameter vector. The parameter estimates from these two versions are strictly related in 

the following way 𝛂 = 𝛂∗ ∘ 𝐱′ and 𝛃 = 𝛃∗ ∘ 𝐰. 

 

ℒ7
∗ = 𝐮(𝛂∗ ∘ 𝐱′ ∘ (�̃�𝐮′ − 𝐨))       (10) 

 

ℒ8
∗ = (𝛃∗ ∘ 𝐰 ∘ (𝐮�̃� − 𝐝)) 𝐮′       (11) 

 

Then the link preference value matrix is 𝐯 = (𝛂∗ ∘ 𝐱′)𝐮 + 𝐮′(𝛃∗ ∘ 𝐰) + 𝛿1𝐤 + 𝛿2𝐥 +
𝛿3𝐦 − (𝛾1𝐤 + 𝛾2𝐥 + 𝛾3𝐦) ∘ 𝐭. For a particular link we have that 𝑣𝑖𝑗 = 𝛼𝑖

∗𝑥𝑖 + 𝛽𝑗
∗𝑤𝑗 +

𝛿1𝑘𝑖𝑗 + 𝛿2𝑙𝑖𝑗 + 𝛿3𝑚𝑖𝑗 − (𝛾1𝑘𝑖𝑗 + 𝛾2𝑙𝑖𝑗 + 𝛾3𝑚𝑖𝑗)𝑡𝑖𝑗. 

Let us continue to work with the model in this second form. Below, I will extend 

this model by introducing additional wage and price constraints. In the extended models 

the wage and price effects will be more intricate. 

4.2. Model 2 

Model 1 maintained that the production per municipality in the model was as in reality. It 

is also interesting to introduce consumption possibilities into the model. Also the amount  
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of money that can be used for consumption is distributed across space. Exactly such an 

extension was discussed in Johansson et al. (2002). In Model 2 I add 289 income 

constraints (12) to Model 1. In this model I enforce that the wages earned is equal to the 

true income per home municipality, 𝐲 = [𝑦𝑖] = 𝐜𝐰′. To each constraint there is a 

parameter, and I have them in a (289 × 1) column vector 𝛇 = [𝜁𝑖]. 
 

ℒ9 = 𝐮(𝛇 ∘ (�̃�𝐰′ − 𝐲))        (12) 

 

Now the problem is to maximize ℒ(�̃�, 𝛂∗, 𝛃∗, 𝛅, 𝛄, 𝛇) = Σ𝑠=0
9 ℒ𝑠. Here the link preference 

value matrix is 𝐯 = (𝛂∗ ∘ 𝐱′)𝐮 + 𝐮′(𝛃∗ ∘ 𝐰) + 𝛿1𝐤 + 𝛿2𝐥 + 𝛿3𝐦 − (𝛾1𝐤 + 𝛾2𝐥 + 𝛾3𝐦) ∘
𝐭 + 𝛇𝐰. For a particular link we have that 𝑣𝑖𝑗 = 𝛼𝑖

∗𝑥𝑖 + 𝛽𝑗
∗𝑤𝑗 + 𝛿1𝑘𝑖𝑗 + 𝛿2𝑙𝑖𝑗 + 𝛿3𝑚𝑖𝑗 −

(𝛾1𝑘𝑖𝑗 + 𝛾2𝑙𝑖𝑗 + 𝛾3𝑚𝑖𝑗)𝑡𝑖𝑗 + 𝜁𝑖𝑤𝑗. With this set up there is the direct (origin specific) 

house price parameter vector, 𝛂∗. This is exactly the same as in Model 1. In addition to 

the direct (destination specific) wage parameter vector, 𝛃∗, we also have a cross (origin 

specific) wage parameter vector, 𝛇. That means that the wage effect on utility is link 

specific, and equal to (𝛽𝑗
∗ + 𝜁𝑖)𝑤𝑗. 

4.3. Model 3 

The earlier constraints capture the commuting pattern well. However, we can extract a 

little more information from the housing expenditure data. Now I add a set of housing 

expenditure constraints (13) to Model 2. They make the model enforce that those who 

work in a municipality pay an amount for their houses that is equal to the true amount, 

𝐞 = [𝑒𝑗] = 𝐱𝐜. To enforce the constraints there is a (1 × 289) cross (destination specific) 

price parameter vector, 𝛈 = [𝜂𝑗]. 

 

ℒ10 = (𝛈 ∘ (𝐱�̃� − 𝐞)) 𝐮′       (13) 

 

The problem is to maximize ℒ(�̃�, 𝛂∗, 𝛃∗, 𝛅, 𝛄, 𝛇, 𝛈) = Σ𝑠=0
10 ℒ𝑠. Then the link preference 

value matrix is 𝐯 = (𝛂∗ ∘ 𝐱′)𝐮 + 𝐮′(𝛃∗ ∘ 𝐰) + 𝛿1𝐤 + 𝛿2𝐥 + 𝛿3𝐦 − (𝛾1𝐤 + 𝛾2𝐥 + 𝛾3𝐦) ∘
𝐭 + 𝛇𝐰 + 𝐱′𝛈. For a particular link we have that 𝑣𝑖𝑗 = 𝛼𝑖

∗𝑥𝑖 + 𝛽𝑗
∗𝑤𝑗 + 𝛿1𝑘𝑖𝑗 + 𝛿2𝑙𝑖𝑗 +

𝛿3𝑚𝑖𝑗 − (𝛾1𝑘𝑖𝑗 + 𝛾2𝑙𝑖𝑗 + 𝛾3𝑚𝑖𝑗)𝑡𝑖𝑗 + 𝜁𝑖𝑤𝑗 + 𝜂𝑗𝑥𝑖. In this model the wages are modeled 

as in Model 2. That means that the wage effect on utility is link specific, and equal to 

(𝛽𝑗
∗ + 𝜁𝑖)𝑤𝑗 also in this model. In addition to the direct (origin specific) price parameter 

vector, 𝛂∗, there is also a cross (destination specific) price parameter vector, 𝛈. That 

means that the house price effect on utility is link specific, and equal to (𝛼𝑖
∗ + 𝜂𝑗)𝑥𝑖. 

5. Results 

I have collected the distance-friction and proximity-preference parameters from the three 

models in Table 1. Most of the parameter estimates are close to the ones found in the 

previous study by Johansson et al. (2003), but there is one exception. The distance-

friction parameter for commuting within municipalities is high compared to the estimated 

parameter from 1998. This is explained by that the commuting times for commuting 

within a municipality has been much reduced. This must reflect a changed principle for 

calculating those commuting times. This has a great impact on the distance friction  
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parameter. When the commuting times are much shorter they correspond to a much 

higher distance friction. This is important, since when calculating accessibility measures 

for other studies it is important to combine the used commuting times to the correct 

friction estimates. Using the new set of commuting times and the old friction estimates is 

not optimal. 

Adding the additional wage and price constraints to Model 1 does not alter the 

parameter estimates in a dramatic way. 

 
Table: Collection of parameters† 

Parameter Model 1 

(1998) 

Model 1 

(2006) 

Model 2 

(2006) 

Model 3 

(2006) 

Proximity preference: 

Local 

Regional 

Between regions 

 

(2.98) 

(1.94) 

(0.00) 

 

9.76 (3.62) 

8.35 (2.21) 

6.14 (0.00) 

 

9.36 (3.63) 

7.93 (2.19) 

5.74 (0.00) 

 

9.03 (3.54) 

7.63 (2.14) 

5.49 (0.00) 

Distance friction: 

Local 

Regional 

Between regions 

 

0.025 

0.096 

0.052 

 

0.141 

0.103 

0.051 

 

0.146 

0.104 

0.052 

 

0.151 

0.109 

0.056 

# constraints 582 582 871 1,160 

† Estimates with more decimals are available on request. 

 

6. Discussion 

The stability of the distance-friction parameter is comforting. 
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