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Abstract 

Simulation-based optimization methodologies are widely applied in real world optimization problems. In 

developing these methodologies, beside simulation models, algorithms play a critical role. One example is an 

evolutionary multi objective optimization algorithm known as Reference point-based Non-dominated Sorting 

Genetic Algorithm-II (R-NSGA-II), which has shown to have some promising results in this regard. Its successor, 

R-NSGA-II-adaptive diversity control (hereafter Adaptive Epsilon-R-NSGA-II (AE-R-NSGA-II) algorithm) is one of 

the latest proposed extensions of the R-NSGA-II algorithm and in the early stages of its development. So far, 

little research exists on its applicability and usefulness, especially in real world optimization problems. This thesis 

evaluates behavior and performance of AE-R-NSGA-II, and to the best of our knowledge is one of its kind. To this 

aim, we have investigated the algorithm in two experiments, using two benchmark functions, 10 performance 

measures, and a behavioral characteristics analysis method.  

The experiments are designed to (i) assess behavior and performance of AE-R-NSGA-II, (ii) and facilitate 

efficient use of the algorithm in real world optimization problems. This is achieved through the algorithm 

parameter configuration (parametric study) according to the problem characteristics. The behavior and 

performance of the algorithm in terms of diversity of the solutions obtained, and their convergence to the 

optimal Pareto front is studied in the first experiment through manipulating a parameter of the algorithm 

referred to as Adaptive epsilon coefficient value (C), and in the second experiment through manipulating the 

Reference point (R) according to the distance between the reference point and the global Pareto front. 

Therefore, as one contribution of this study two new diversity performance measures (called Modified spread, 

and Population diversity), and the behavioral characteristics analysis method called R-NSGA-II adaptive epsilon 

value have been introduced and applied. They can be modified and applied for the evaluation of any reference 

point based algorithm such as the AE-R-NSGA-II. Additionally, this project contributed to improving the 

Benchmark software, for instance by identifying new features that can facilitate future research in this area.  

Some of the findings of the study are as follows: (i) systematic changes of C and R parameters influence 

the diversity and convergence of the obtained solutions (to the optimal Pareto front and to the reference point), 

(ii) there is a tradeoff between the diversity and convergence speed, according to the systematic changes in the 

settings, (iii) the proposed diversity measures and the method are applicable and useful in combination with 

other performance measures. Moreover, we realized that because of the unexpected abnormal behaviors of the 

algorithm, in some cases the results are conflicting, therefore, impossible to interpret. This shows that still 

further research is required to verify the applicability and usefulness of AE-R-NSGA-II in practice. The knowledge 

gained in this study helps improving the algorithm1. 

 

Keywords:  Simulation based optimization (SBO), Multi- objective optimization, Evolutionary optimization, R-

NSGA-II, Adaptive diversity control, performance measure. 

  

                                                             
1 The original files of the images included in this thesis are available upon request (kashfi58@gmail.com) 
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 Introduction 

There are many real-world optimization problems that are too complex to be modeled analytically. In this 

regard, Simulation Based Optimization (SBO) has shown to be very useful (Persson, et al., 2007). SBO is an 

iterative process, and a powerful alternative to analytical techniques for determining proper system parameters; 

a SBO process consists of the following phases: (i) an algorithm that generates a set of solutions as an input value 

for a simulation model, (ii) a simulation model that generates performance measures known as objective values 

(or fitness) of a simulated system, and (iii) a user satisfaction stoppage (Syberfeldt, 2009). 

Accordingly, as one phase of the SBO process, Evolutionary Multi-objective Optimization Algorithms 

(EMOAs) have been widely applied in real world optimization problems (Deb, et al., 2006b). They are shown to 

have various advantages in such a context, for instance, they find a well-converged and a well-distributed set of 

near Pareto-optimal solutions (Coello, et al., 2002) (Deb, 2001). Moreover, they can solve high dimensional 

problems, by handling multiple optimization objectives, high computational cost, and stochastic noise (Evans, 

et al., 1991) (April, et al., 2001) (Laguna & Marti, 2003). Nevertheless, EMOAs are shown to have some 

drawbacks in practice, for instance, they require to evaluate many solutions in the feasible area which is in 

contrast to the limited computational resources of real world optimization problems (Deb, et al., 2002) (Deb, et 

al., 2006b). To overcome these drawbacks, researchers have developed new algorithms such as R-NSGA-II (Deb, 

et al., 2006b), or its adaptive diversity control extension algorithm; the latter is still in the beginning stages of 

development and requires more evaluation and improvement (Siegmund, et al., 2012b). 

This thesis presents the results of evaluating and experimenting the adaptive diversity control extension 

of R-NSGA-II, hereafter AE-R-NSGA-II. In this study, two benchmark functions have been used to evaluate, and 

analyze behavior and performance of the AE-R-NSGA-II algorithm with the infrastructure at hand (available 

software, computer cluster, and OPTIMISE platform). The experiments are designed to (i) assess behavior and 

performance of AE-R-NSGA-II, (ii) and facilitate efficient use of the algorithm in real world optimization 

problems. This is achieved through the algorithm parameter configuration (parametric study) according to the 

problem characteristics. The behavior and performance of the algorithm in terms of diversity of the solutions 

obtained, and their convergence to the optimal Pareto front is studied in the first experiment through 

manipulating the Adaptive epsilon coefficient value (C value), and in the second experiment through 

manipulating the Reference point (R) according to the distance between the reference point and the global 

Pareto front. Therefore, as one continuation of this study two new diversity performance measures (Modified 

spread, and Population diversity), and a behavioral characteristics analysis method called R-NSGA-II adaptive 

epsilon value have been introduced and applied. They can be modified and applied for the evaluation of any 

reference point based algorithm such as the AE-R-NSGA-II. Additionally, this project contributed to improving 

the Benchmark software, for instance by identifying needs for new features.  

 The research aim and objectives 

The research aim: This thesis evaluates behavior and performance of the AE-R-NSGA-II algorithm in two 

experiments. The first experiment studies different C parameter settings, and the second experiment studies 

different R parameter settings with respect to the distance between R and the global Pareto front. Two 

benchmark functions that provide different problem characteristics are applied in this study. Also, 10 

performance measures, and a behavioral characteristics analysis method that provide different analysis views 
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(to focus on the behavior and performance of the algorithm in terms of diversity/ speed of convergence/ both) 

are applied. The results can facilitate efficient use of the algorithm in real world optimization problems. 

The research objectives: (i) evaluate behavior and performance of the algorithm (using C and R 

parametric study) to find if there is any tradeoff between the diversity and the convergence speed of the 

obtained solutions (to the optimal Pareto front/ to the reference point), (ii) specify missing performance 

measurement features and propose new performance metrics for guided search. 

 Structure 

The structure of this thesis is as follows: Section 2 includes background and related works. Section 3 

presents the research methodology. Section 4 includes the results. Section 5 discusses the findings. Section 6 

presents the conclusions and future works.  
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 Background and related works 

Here, Section 2.1 reviews the development of EMOAs in short. Section 2.2 presents NSGA-II in detail. 

Section 2.3 introduces R-NSGA-II thoroughly. After, Section 2.4 describes AE-R-NSGA-II, in depth. 

 Development of evolutionary multi-objective optimization algorithms 

(EMOAs) 

For many real-world optimization problems there is no single solution that can optimize all objectives, 

because these problems involve multiple conflicting objectives; improving one objective may at the same time 

degrade another one; therefore, the best trade-off solutions -known as Pareto-optimal solutions- are important 

to decision makers (Zhoua, et al., 2011). A set of Pareto optimal solutions is called Pareto Front (Shukla & 

Tripathi, 2012).  

Throughout the development of computerized tools, especially Artificial Intelligence (AI) techniques, 

researchers proposed new approaches including EMOAs in order to solve high dimensional optimization 

problems (Deb, 2011). Introduced in the 60s, they have matured ever since into a powerful and broadly accepted 

tool within many disciplines (Bartz-Beielstein, et al., 2010). 

EMOAs are able to approximate the Pareto-optimal set in a single run by evolving a population of 

solutions; they are inherently population-based, therefore, able to approximate the whole Pareto-set (Pareto-

front) of a multi-objective optimization problem (Zhoua, et al., 2011) (Tsang, 2009). EMOAs have been shown to 

be a robust and powerful search mechanism (Shukla & Tripathi, 2012). It can evaluate all objectives 

simultaneously and exploit similar solutions quickly (with less computational resources and complexity) in order 

to present decision makers a group of uniformly distributed trade-off solutions close to the optimal Pareto set 

(Tsang, 2009). EMOAs are appropriate techniques to deal with the problems with large, complex and high 

dimensional search space, and multiple conflicting objectives (Shukla & Tripathi, 2012). In EMOAs, an 

optimization algorithm starts from one or more random (or known) solution(s) and through a progressive and 

iterative process finds the Pareto-optimal solution set, which is the set consisted of all non-dominated solutions 

(Deb & Srinivasan, 2006) (Garg & Singh, 2011). A solution is called non-dominated if it is at least better in one 

objective with respect to other solutions (Garg & Singh, 2011).  

In the last 20 years, there has been a growing interest in using the evolutionary algorithms for multi-

objective optimization problems; for example, by January 2011, more than 5600 publications have been 

published in this area; however, the researchers have not extensively worked on the development of EMOAs 

(Zhoua, et al., 2011). For instance, handling large number of objectives in multi-objective optimization is still an 

open research problem (Shukla & Tripathi, 2012). While, the aspect of the optimization in the evolutionary multi-

objective optimization has been studied,  finding a set of trade-off optimal solutions has not yet been explored 

enough; therefore, finding methods to combine both optimization and decision making, referred to as Multi 

Criteria Decision Making (MCDM), is an interesting research area (Chaudhuri & Deb, 2010).  

Before the development of EMOAs, for many years (about 40 years) classical methods (algorithms) of 

optimization have been used by decision makers in order to solve optimization problems; many different 

classical optimization methods exist and can be classified based on different perspectives, including: generating 

methods vs. preference based methods, non-preference methods vs. posterior methods, a priori methods vs. 

interactive methods; they also can be classified in weighted sum method, ε-constraint method, weighted metric 

methods, Benson’s method, value function method, goal programming methods, and interactive methods 
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furthermore, they can be classified in single-variable optimization, multi-variable optimization with no 

constraints, multi-variable optimization with equality constraints, and multi-variable optimization with 

inequality constraints; they also can be classified as strong, intermediate, and weak methods (Rao, 1996) 

(Wehrens & Buydens, 2000) (Deb, 2001). 

From one perspective, all search and optimization methods that use a single solution update in every 

iteration and mainly use a deterministic transition rule can be called classical optimization methods; in the 

classical optimization methods, including MCDM approach, the task of finding multiple Pareto-optimal solutions 

are achieved by executing many independent single-objective optimizations, each time finding a single Pareto-

optimal solution, hopefully finding a different solution at each simulation run (Rao, 1996) (Wehrens & Buydens, 

2000) (Deb, 2001).  

Despite the advantages and usefulness of the classical methods (algorithms) in solving the optimization 

problems, they are known to have some shortcomings in practice, including: (i) in the classical methods, the 

chosen initial solution affects the behavior of the algorithm in terms of convergence to an optimal solution, (ii) 

most of the methods tend to get stuck to a suboptimal solution, (iii) most of them are only applicable in a specific 

problem, not different problems, (iv) they are not applicable in problems with discrete search spaces, (v) they 

are only useful in finding the optimum solution of continuous and differentiable functions, (vi) and they cannot 

be used on a parallel machine (Rao, 1996) (Deb, 2001).  Moreover these methods are known to be unable to 

find: (i) optimal solutions while different preference information is given at the same time, or (ii) a set of Pareto-

optimal solutions instead of one single solution, or (iii) solutions for high dimensional problems with high 

number of objectives, high number of variables, and different constraints (Syberfeldt, 2009). Besides, the 

classical methods have shown some other complications in practice, such as: (i) dependency of the obtained 

solutions to the Pareto-front shape, (ii) providing all information needed for a classical method to solve a high 

dimensional problem, (iii) biasing the obtained solutions on the Pareto-front, (iv) controlling the diversity of the 

obtained solutions, (v) subjectivity and dependency to the reference direction (weight vector) (Deb, et al., 

2006b). According to Syberfeldt, (2009), while the classical optimization methods have not been able to solve 

many SBO problems, EMOAs have shown to be applicable to this type of problems.  

The basic part of designing an algorithm is the algorithm framework and most of lately proposed EMOAs 

have been designed based on a same framework; most of them resemble Non-dominated Sorting Genetic 

Algorithm II (NSGA-II) which is one of the most prominent algorithms applied for multi-objective problems; also, 

most of EMOAs have a selection operator based on Pareto domination; among these algorithms, researchers 

have proposed some of different algorithm frameworks that work based on: (i) decomposition, (ii) indicator, (iii) 

preferences, (iv) mimetic, (v) coevolution, and (vi) hybrid methods (Zhoua, et al., 2011).  

This study focuses on the development of R-NSGA-II algorithm that is designed based on the combination 

of the preference based (reference point based) methodologies and an EMOA methodology referred to as NSGA-

II; this created a methodology entitled as Reference point-based NSGA-II algorithm (Deb, et al., 2006b). 

Reference-point based algorithms are able to perform a focused evolutionary search, and require the user 

preference articulation transformed into an applicable representation; user preferences can be expressed by (i) 

comparing known solutions, or (ii) defining a point in the most attracted objective space, or (iii) specifying a 

reference direction, or (iv) a combination of them (Siegmund, et al., 2012a).  

In order to find the desired Pareto optimal solution with respect to the decision makers’ role in the 

solution process, the preference information can be specified in the algorithm before (prior method), or after 

(posteriori method), or during (interactive method) the search process; the latter helps decision makers obtain 
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a better understanding of the problem and provide more reference information to guide the search; this process 

is referred to as guided search (Zhoua, et al., 2011).  

The classical interactive methods require some clues such as reference direction, and reference point, 

which can be manipulated by decision makers in order to obtain the optimum set of solutions; in this regard, 

the above mentioned methods form a single objective optimization problem (to solve a multi-objective 

problem), which provides a single solution; this cannot give a good idea of the solutions to decision makers, 

especially around the reference point; while, in most cases they are interested in a set of solutions, instead of a 

single one (Deb, et al., 2006b). These happen because the clues are actually high-level information, while in most 

cases, at least in the beginning, decision makers are interested in low-level information to obtain a better idea 

of the solutions, then focus on the desired area, according to the problem characteristics (Deb, et al., 2006b).  

Figure 2.1 illustrates the idea behind the reference point-based methodologies for a bi-objective problem;  

after decision makers define a reference point (z̅) and a reference direction (w1,w2), a reference point based 

algorithm finds the closest Pareto-optimal solution of the front (ź); if the obtained solution is satisfactory, the 

algorithm stops, otherwise, it continues and finds two new reference points (zA & zB) based on the found 

solution (ź); then, it finds two new solutions on the closest Pareto-optimal front; this process continues until 

required; in an iterative process, decision makers can set different reference points and evaluate the region of 

the Pareto-optimality instead of one particular point (Deb, et al., 2006b). 

 

Figure 2.1:  Classical reference point approach (Deb, et al., 2006b). 

By increasing the application of the classical methods and EMOAs in industrial SBO problems some of 

their difficulties and problems was revealed; although, they have shown some prominent and influential 

capabilities in finding a well-converged and well distributed set of near Pareto-optimal solutions; for instance, 

NSGA-II algorithm, as one of the most popular methods, is not applicable in finding and visualizing the entire 

Pareto-optimal set for problems with more than three objective spaces; actually, this algorithm is designed to 

find a Pareto optimal region in two basic steps; in the first step, NSGA-II algorithm finds all non-dominated 

solutions in a population; after that, it focuses to find the Pareto-optimal region; consequently, in a problem 

with large number of objectives, the algorithm is very slow and in most cases not applicable considering time 

limitations in reality; therefore, in such problems, since most solutions of the population are non-dominated, 

they might not move towards the Pareto-optimal region; this issue can be solved by increasing the size of the 

population; but, the latter slows down the search speed (Deb & Srinivas, 1994) (Deb, et al., 2002) (Deb, et al., 

2006b).  

In fact, EMOAs such as NSGA-II algorithm and its predecessors that use non-dominated sorting and 

sharing have been criticized mainly in three aspects: (i) they are computationally complex; in other words, they 
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have a high number of objectives and population size; this result in the complexity caused by the complication 

involved in the non-dominated sorting procedure in every generation of the algorithms; this makes them 

computationally expensive for large population sizes, (ii) they lack elitism; while elitism can speed up the 

algorithms and prevent the loss of obtained good solutions, (iii)  their design is based on the classical concept of 

sharing and require to specify a sharing parameter; this guarantees the diversity of solutions in a population, (iv) 

NSGA-II algorithm does not present a good and constant density of the Pareto-optimal solutions in solving 

problems with high number of objectives; accordingly, researchers have developed new strategies to support 

SBO, including R-NSGA-II algorithm; it is an extension of the original NSGA-II algorithm; the latter is originated 

from the NSGA algorithm; the R-NSGA-II algorithm is designed especially for industrial-based evolutionary SBO 

problems; nevertheless, it has not been extensively applied in industry (Deb & Srinivas, 1994) (Deb, et al., 2002) 

(Deb, et al., 2006b). 

The R-NSGA-II algorithm has shown to have a number of advantages compared to its predecessors; for 

instance, the algorithm is applicable for any shape of the frontier, large number of objectives and variables in 

high dimensional multi-objective optimization problems; it applies preference information presented by 

decision makers (guides the search in the objective space); this helps them to choose a single preferred Pareto-

optimal solution among a set of solutions; it should be noted that, most of EMOAs present the range of each 

objective and the shape of the optimal Pareto front to decision makers while lacking a critical aspect of providing 

decision makers with a selection of one solution out of all (MCDM), according to the preference information 

(Deb, et al., 2006b) (Syberfeldt, 2009) (Chaudhuri & Deb, 2010) (Siegmund, et al., 2013). Besides, since the 

optimization performance in terms of the knowledge of the algorithm about the solution quality is improved in 

R-NSGA-II algorithm, the available function evaluations can be used more effectively in this algorithm; another 

advantage is that R-NSGA-II algorithm guides the optimization to find a number of solutions (a set of solutions) 

in the region of interest while at the same time finds multiple such regions of interest; in other words, it can 

simultaneously search in different regions of interest based on different reference points and present multiple 

trade-off solutions all at once to decision makers; these help the decision makers to focus on the desired solution 

step by step based on the knowledge acquired from the solutions presented by the algorithm; generally, 

approaches like R-NSGA-II algorithm help decision makers to have a better idea of regions of interest, to make 

a better and reliable decision while having a more effective and parallel search (Deb, et al., 2006b) (Syberfeldt, 

2009) (Chaudhuri & Deb, 2010) (Siegmund, et al., 2013). 

The NSGA-II algorithm, has been extended to R-NSGA-II algorithm; despite its predecessors, the latter has 

not been extensively applied in practice in the past decade; to facilitate the use of this algorithm in SBO 

problems, researchers have proposed some extensions to it, including: (i) adaptive population size, (ii) adaptive 

constrained Pareto-fitness, (iii) adaptive delayed Pareto-fitness, and (iv) adaptive diversity control (AE-R-NSGA-

II), to decrease the complexity and difficulties of the algorithm, at the same time, to increase its applicability, 

usefulness, and simplicity (Deb, et al., 2006b) (Siegmund, et al., 2013). In this thesis, we evaluate AE-R-NSGA-II.  

The AE-R-NSGA-II controls the diversity of obtained solutions via a parameter called epsilon (ε); decision 

makers are not interested in all solutions and focus on some areas based on the information gathered from the 

solutions near the reference points; in order to control the diversity of the solutions and provide a better 

understanding of the solutions, the R-NSGA-II algorithm is modified with an autonomous adaptive- ε approach; 

it controls the diversity of the Pareto-set if it is situated far from a reference point, while controls the diversity 

of the solutions inside the Pareto-set (Siegmund, et al., 2012b).  

Following sections describe NSGA-II, R-NSGA-II, and AE-R-NSGA-II in detail. 
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 NSGA-II algorithm 

Researchers have extended EMOAs, such as original NSGA algorithm (Deb & Srinivas, 1994) to NSGA-II 

algorithm (Deb, et al., 2002), and R-NSGA-II algorithm (Deb, et al., 2006b).  These algorithms follow similar steps 

and have similar characteristics. For instance, the NSGA-II algorithm has three prominent characteristics: (i) fast 

non-dominated sorting approach, (ii) fast crowded-distance estimation, (iii) simple crowded-comparison 

method (niche comparison) (Deb, et al., 2002) that follows.  

 Fast non-dominated sorting approach 

According to Deb, et al., (2002), in order to sort a population into different non-domination levels, NSGA-

II algorithm uses a procedure, which is (i) faster than its predecessors; furthermore, (ii) it has a lower 

computational complexity, but the upper storage requirement. In this procedure, the algorithm calculates and 

assigns a metric called non-domination rank or 𝑖𝑟𝑎𝑛𝑘 to every individual 𝑖 of the population (Deb, et al., 2002), 

as follows. 

First, for each solution 𝑝 of the population, the algorithm calculates np and Sp parameters; np is the 

number of solutions that dominate solution 𝑝; furthermore, Sp is a set of solutions that are dominated by 

solution p (Deb, et al., 2002). Next, the algorithm gives irank = 1 to the solutions which have np = 0 and assigns 

them to the first non-dominated front F1; in order to find the next front, for each individual p of the first front, 

with np = 0, the algorithm investigates each member q of the corresponding Sp set and reduces the domination 

count value of the members by one; for any member q which its new domination count is equal to 0, the 

algorithm creates a new F2 list; all individuals in the list are assigned irank = 2  and figure the second non-

dominated front F2; the algorithm repeats the above procedure for each member of the list in order to find 

individuals of the next front and continues until sorts the population in some fronts (Deb, et al., 2002). Figure 2.2 

displays the assigned non-domination rank (irank) to each solution in the assumed population with 10 solutions. 

  

Figure 2.3: NSGA-II algorithm assigns each member of an assumed population (left picture) with 10 solutions (S1… S10) a non-
domination rank or 𝒊𝒓𝒂𝒏𝒌 (right picture) in the fast non-dominated sorting approach. 

 Diversity preservation and density estimation 

Evolutionary algorithms are designed in order to achieve two basic goals: (i) fast convergence to the 

Pareto-optimal set, and (ii) maintain a good diversity (spread) in the obtained set of solutions; in the 

development of original NSGA algorithm to NSGA-II, afterward, to R-NSGA-II, the second objective is 

accomplished by applying the sharing function approach, the crowded comparison approach, and the ε-based 

selection approach in the algorithms respectively (Deb & Srinivas, 1994) (Deb, et al., 2002) (Deb, et al., 2006b), 

as shown in Figure 2.4.  
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The advantage of the second approach over the first one is that the second one does not require any 

parameter setting by a user and also reduces the computational complexity (Deb, et al., 2002). The third 

approach has the advantage of emphasizing the obtained solutions closer to any reference point, while de-

emphasizes ε-neighborhood of the solutions in order to maintain a good diversity close to the reference point 

(Deb, et al., 2006b). 

 

Figure 2.4: Development of original NSGA algorithm to NSGA-II, afterwards, to R-NSGA-II in terms of maintaining a good spread of 
obtained solutions or diversity control. 

According to Deb, et al., (2002) and Deb, (2005), in order to approximate the density of solutions around 

solution i of the population, NSGA-II algorithm uses crowding-distance or idistance metric, which is the measure 

of the search space around i that is not occupied by any other solution in the population; to do so, after grouping 

the population into different fronts, for each front the algorithm sorts the solutions with respect to each 

objective function value separately in a set; then, the algorithm assigns the first and the last solution (boundary 

solutions) of the sorted sets an infinite distance value (∞), so that boundary points are always selected; 

moreover, the algorithm assigns the other solutions of the sets a distance value equal to the absolute normalized 

difference in the function values of two closest neighbor solutions (the difference between the objective value 

of neighboring solutions of the selected solution divided by the difference between the maximum and the 

minimum value of the objective function); finally, the algorithm calculates the total crowding distance value of 

each solution by summarizing all individual distance values, as follows:  

𝒊𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 = ∑
|𝒎𝒊−𝟏−𝒎𝒊+𝟏|

𝒇𝒎
𝒎𝒂𝒙−𝒇𝒎

𝒎𝒊𝒏
𝑴
𝒎=𝟏  (2.1) 

Here, M is the number of objectives, mi−1 and mi+1 are the m− th objective value of adjacent closest 

solutions to solution i, fm
max and fm

min are the population maximum and minimum objective value of the m− th 

objective. At this point, the measurement of the density of solutions around a selected solution in the population 

is available. For every solution i, the smaller value of idistance represents more density of solutions around it 

(more crowded solution). Table 2.1 shows the assigned crowding distance (idistance) to every solution of the 

population, which already has been grouped in 5 fronts. 
Solutions S1 S2 S3 S4 S5 S6 S7 S8 S9 S10 

𝒊𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 ∞ 
3

12
+
6

8
 ∞ 

4

12
+
5

8
 ∞ ∞ ∞ ∞ ∞ ∞ 

Table 2.1: Crowding distances assigned to the assumed population. 

 Niche comparison 

The NSGA-II algorithm approximates and assigns two factors (irank & idistance) to each individual i of the 

population; in a run, the algorithm applies the factors in a process, which is called Niche comparison by means 

of an operator known as Crowded comparison operator (≺n) or Crowded tournament selection operator; this 

operator monitors and directs the selection process of the algorithm towards a uniformly distributed Pareto-

optimal front; the operator compares two solutions and returns the winner of the tournament; to do so, 

between the two solutions (i & j) with different non-domination ranks (irank ≠ jrank), the algorithm selects the 

Diversity control (spread of obtained solutions)

NSGA

Sharing function approach

NSGA-II

Crowded comparison approach

R-NSGA-II

𝜀-based selection approach
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solution with the lower (better) rank; otherwise, if both solutions are from the same front (irank = jrank), the 

algorithm selects the solution with the upper crowding-distance (idistance > jdistance); it means that the 

algorithm prefers solutions of the lesser crowded region (Deb, et al., 2002) (Deb, 2005). The niche comparison 

(Deb, et al., 2002):  

(𝒊 ≺𝒏 𝐣 ) if (𝒊𝒓𝒂𝒏𝒌 < 𝒋𝒓𝒂𝒏𝒌) or ((𝒊𝒓𝒂𝒏𝒌 = 𝒋𝒓𝒂𝒏𝒌) and (𝒊𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 > 𝒋𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆)) (2.2) 

In the Crowded tournament selection operator, the algorithm sorts the solutions first according to the 

non-domination rank in an ascending order of magnitude, then, according to the crowding distance in a 

descending order of magnitude (Deb, 2005). Table 2.2 shows how NSGA-II performs niche comparison between 

solutions on the assumed population.  
Sorted solutions S1 S6 S2 S4 S3 S7 S5 S8 S9 S10 

𝒊𝒓𝒂𝒏𝒌 1 1 1 1 2 2 3 3 4 5 

𝒊𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 ∞ ∞ 24/24 23/24 ∞ ∞ ∞ ∞ ∞ ∞ 

           

 

≺𝒏 S1 S2 S3 S4 S5 S6 S7 S8 S9 S10 

S1 - S1 S1 S1 S1 S1 S1 S1 S1 S1 

S2 S1 - S2 S2 S2 S6 S2 S2 S2 S2 

S3 S1 S2 - S4 S3 S6 S3 S3 S3 S3 

S4 S1 S2 S4 - S4 S6 S4 S4 S4 S4 

S5 S1 S2 S3 S4 - S6 S7 S5 S5 S5 

S6 S1 S6 S6 S6 S6 - S6 S6 S6 S6 

S7 S1 S2 S3 S4 S7 S6 - S7 S7 S7 

S8 S1 S2 S3 S4 S5 S6 S7 - S8 S8 

S9 S1 S2 S3 S4 S5 S6 S7 S8 - S9 

S10 S1 S2 S3 S4 S5 S6 S7 S8 S9 - 

Table 2.2: Niche comparison hand calculations for the assumed population. 

 Main loop 

The NSGA-II has two phases of solution generation in a loop (Deb, et al., 2002). In this study, we explain 

them as Initial generation, and Generation t: 

Initial generation: like other evolutionary algorithms, NSGA-II is designed based on three features which 

have evolved in three simple and straightforward operators: (i) reproduction or selection operator, (ii) 

recombination or crossover operator, and (iii) mutation operator; in NSGA-II, a set of solution candidates is 

maintained, a mating selection process is performed on the set, and several solutions may be combined in terms 

of recombination to generate new solutions; the first operator selects good strings, while the second one 

recombines together good substrings from two good strings to hopefully form a better substrings; and the last 

operator alters a string locally to hopefully create a better string (Zitzler, et al., 2004) (Deb, 2001).  

In the Initial generation, NSGA-II creates a random parent population P0 (which is the input of the 

generation), then, by applying the above mentioned operators, processes P0 and creates the offspring 

population Qo (which is the output of the generation) (Deb, et al., 2002). It is worth noting that there exist a 

number of methods such as tournament selection, proportionate selection, and ranking selection that can be 

applied in the reproduction operator (Deb, 2001). Furthermore, different methods such as Simulated binary 
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crossover operator (SBX), Blend crossover operator (BLX_α), Uniform crossover, and One point crossover can be 

applied in the crossover operator; moreover, there are different methods such as Polynomial, Polynomial decay, 

Uniform range, Uniform delta, Uniform delta decay, Non uniform delta decay, Normal, and Normal decay, which 

can be applied in the mutation operator (Deb, 2001), as shown in Figure 2.6. 

In the initial generation, NSGA-II: (i) creates the random parent population P0 of size N, (ii) calculates the 

non-domination rank (irank), and crowding-distance (idistance) of each individual i of the population, thereafter,  

(iii) sorts the population as explained before; at this stage, every solution i of the population is evaluated in the 

objective space and assigned a scalar value (fitness) that reflects its quality, (iv) the algorithm performs a binary 

tournament selection by applying the crowded tournament selection operator; it creates a mating pool by 

random sampling from the population, according to the fitness values; here, two individuals are randomly 

chosen from the population, and the one with the better fitness value is copied to the mating pool; the 

comparison is based on the niche comparison method; NSGA-II repeats this procedure until the mating pool is 

filled, and (v) applies the variation operators (recombination & mutation) respectively, which are responsible to 

create new solutions (Deb, et al., 2002) (Deb, 2001) (Zitzler, et al., 2004). 

The recombination operator selects a certain number of parents (parental solutions) from the mating 

pool in order to create a predefined number of children (new, possibly better solutions (i. e. offspring)) by 

combining parts of the parents; the operator uses the crossover probability in order to mimic the stochastic 

nature of the evolution; in almost all crossover operators, two strings are picked from the mating pool at random 

and some portions of the strings are exchanged between the strings to create two new strings; a proper design 

of the recombination mechanism results in a better performance (Deb, 2001).  

At this stage, the mutation operator modifies the created children (solutions) by changing small parts in 

the associated vectors according to a given mutation rate (Zitzler, et al., 2004). Mutation performs a random 

walk in the vicinity of a candidate solution to introduce diversification; actually, the need for mutation is to keep 

diversity in the population (Deb, 2001).  

The above mentioned three operators work stochastically, therefore, in a generation, if bad (good) strings 

are created, the reproduction operator eliminates them (emphasizes them) in the next generations; in fact, the 

reproduction operator cannot create any new solution in the population; its primary objective is to make 

duplicates of good solutions and eliminate bad solutions in a population, while keeping the population size 

constant (Deb, 2001).  

Finally, environmental selection determines individuals of the population and the modified mating pool 

form the new population; there are various possibilities to form the new population; one option is to select the 

last set as the new population, another one is to combine both sets (population & modified mating pool) and 

choose the best solutions from the combined set (Zitzler, et al., 2004).  

In summary, as shown in Figure 2.5, P0 is a randomly created parent population of size N, which after a 

process called 'Initial generation' creates the offspring population Q0 of size N; the Initial generation consists of 

three stages: reproduction or selection, recombination or crossover, and mutation (Deb, et al., 2002) (Deb, 2001) 

(Zitzler, et al., 2004).  

 

Figure 2.5: The Initial generation of NSGA-II algorithm. 
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Figure 2.6: The Initial generation of NSGA-II algorithm in detail. Different methods are applicable in the Reproduction,  
Crossover, and Mutation operators. 

Generation t: as shown in Figure 2.7 and Figure 2.8, NSGA-II works differently from the second 

generation; where in every generation, after a process called 'Generation t', population Rt creates the offspring 

population Pt+1 of size N; Rt is a combined population of size 2N, which is already created from the combination 

of Pt and Qt; thereafter, Pt+1 changes the role from offspring to parent in order to create the offspring population 

Qt+1 of size N after a process called Initial generation, as explained before. The above procedure continues in 

the next generations until the specified number of generations is accomplished (Deb, et al., 2002). 

 

Figure 2.7: Generation t of NSGA-II algorithm. 
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Figure 2.8: An overview of NSGA-II. 

After creating population Rt (which is the input of generation t), NSGA-II performs non-domination rank 

in order to sort the population; the algorithm assigns to each solution i of the population a fitness value (irank), 

as explained in Section 2.2.1. The lower is the rank, the better is the solution; afterwards, in order to create the 

population Pt+1 of size N (which is the output of the generation t), the algorithm starts selecting the solutions 

from the first front, then second front, third front and so on, until the N number of solutions is selected; in order 

to select the solutions from the last front, NSGA-II calculates the crowding-distance value of every solution i of 

the front (it assigns the idistance value to every solution of the last front), then, performs the niche comparison 

as explained before in Section 2.2.2 and 2.2.3; the higher is the crowding-distance, the better is the solution 

(Deb, et al., 2002). 

The algorithm, performs this comparison and selection process in the last front using the crowded 

comparison operator (≺n), as shown in Figure 2.9; after the algorithm creates the (offspring) population Pt+1, it 

changes the role from the offspring to the parent population in order to create the (offspring) population Qt+1; 

to do so, NSGA-II performs the Initial generation process, as explained; it is worth noting that the first input of 

the Initial generation process is a randomly created population (P0), but in the following generations, the input 

of the Initial generation process is the set of solutions, which is actually the output of the Generation t process, 

as shown in Figure 2.8 (Deb, et al., 2002). 
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Figure 2.9: Generation t of NSGA-II algorithm in detail (Deb, et al., 2002). 

 R-NSGA-II algorithm  

 R-NSGA-II is shown to be applicable in high dimensional multi-objective optimization problems; R-NSGA-

II is suitable for any shape of the frontier, large number of objectives and variables; compared to classical 

reference point-based methods, R-NSGA-II has shown some advantages, for instance, while the classical 

methods are dependent to the reference direction (weight vector), R-NSGA-II is independent of the weight 

vector; moreover, while the classical methods in most cases are only able to find Pareto-optimal solutions for 

different reference points in an iterative process,  by applying the algorithm several times and every time for 

one reference point, R-NSGA-II has the advantage of searching different regions of interest based on different 

reference points at the same time; in other words, the algorithm is able to find different sets of solutions 

concurrently with respect to different reference points; this presents multiple trade-off solutions to decision 

makers in their regions of interest, and helps them to focus on the desired solution step by step in every 

generation of the algorithm based on the knowledge that has been obtained from the previous generations 

(Deb, et al., 2006b).  

Applicability and usefulness of R-NSGA-II has been evaluated using different standard test problems 

(benchmark functions); for instance, the algorithm has been evaluated on ZDT1 test problem (it has 30 variables 

and 2 objectives, its functional relationship is f2  = 1 − √f1 , and the convex shape of its Pareto-front is 

distributed continuously in f1  ∈  [0, 1]); the evaluation shows that on ZDT1 test problem, obtained solutions are 

distributed on the Pareto-front while they are very close to the selected reference points; no matter if the 

reference points are located in a feasible space or in an infeasible space; moreover, different ε values have been 

tested in order to evaluate the effect of this parameter on the performance of the algorithm in terms of the 
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spread of solutions; the results have indicated that by selecting a larger  ε  value, the distribution of the solutions 

will increase (more spread); similar to the classical achievement scalarization approach, by selecting different 

weight vectors (ωi), the algorithm will bias the obtained solutions towards the desired objectives; to add this 

ability to R-NSGA-II, an update to the original NSGA-II niching strategy has been performed  (Deb, 2005) (Deb, 

et al., 2006b).  

Similarly, R-NSGA-II has been evaluated on ZDT2 test problem (it has 30 variables and 2 objectives, its 

functional relationship is f2  = 1 − f1
2, and the non-convex shape of the Pareto-front of this problem is 

distributed continuously in f1. f2  ∈  [0, 1]); the evaluation shows that the non-convex shape of the Pareto-front 

does not affect the functionality of the algorithm (Deb, 2005) (Deb, et al., 2006b).  

In addition, R-NSGA-II has been evaluated on ZDT3 test problem (it has 30 variables and 2 objectives, its 

functional relationship is f2 = 1 − √f1 − f1sin (10πf1), and the disconnected shape of the Pareto-fronts of this 

problem is distributed in f1. f2  ∈  [0, 1]); the evaluation shows that if the reference point is between two 

disconnected fronts, the algorithm is capable of presenting the preferred solutions on both sides (fronts); it 

provides decision makers with a better understanding of the region; the classical methods lack this ability; they 

are only able to focus on one side; by adding a constraint to the ε-constraint approach, a second level 

optimization strategy is applied in the design of R-NSGA-II; this strategy avoids the selection of non-dominated 

solutions (non-Pareto optimal solutions) in the final population when the Pareto-front is a disconnected set of 

fronts; assuming that A is such a spurious solution, the constraint is: f1 ≤ f2
A; if the algorithm finds another 

solution (f1 ) that dominates solution A, by ε-constraint approach, then the solution cannot be a member of the 

Pareto-optimal set. In Figure 2.10, B is such a solution (Deb, 2005) (Deb, et al., 2006b).  

 

Figure 2.10: Obtained solutions for a disconnected shape of a Pareto-front. Since solution 𝑨 is dominated by solution 𝑩, R-NSGA-II does 
not select solution 𝑨 for the Pareto-optimal set (Deb, et al., 2006b). 

Correspondingly, R-NSGA-II has been evaluated on DTLZ2 test problem (it has 11 variables and 3 

objectives, and a non-convex Pareto-optimal front); the evaluation shows that R-NSGA-II is applicable in solving 

the three-objective optimization problems as well; the same results have been gathered for the five-objective 

DTLZ2 test problem (it has 14 variables, and 10-Objective), DTLZ2 test problem (it has 19 variables); it should be 

noted that recent studies show that the original NSGA-II has some problems  in solving the 10-objective DTLZ2 

test problem  (Deb, 2005) (Deb, et al., 2006b).  

Finally, in order to prove the applicability of the R-NSGA-II in solving real world problems it has been 

evaluated on two different industrial design test problems; the first one is 'Welded beam design problem', which 

has 2 objectives, 4 real parameter variables, and 4 non-linear constraints; the aim has been to find the optimized 

trade-off regions closest to the desired reference points (3 reference points) instead of finding solutions on the 
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entire Pareto-front; limited number of solutions allow decision makers to consider and select only a few 

numbers of solutions among all solutions close to the region of interest; the second problem is 'Spring design 

problem', which has 2 objectives, 3 design variables, 8 constraints, and 2 reference points, which have been 

provided by decision makers; among the design variables, two of them have been discrete in nature, which have 

resulted in the discrete set of solutions in the Pareto-optimal front. In both cases R-NSGA-II has shown to be 

applicable and useful in finding some set of solutions close to the reference points given by the decision makers 

(Deb, et al., 2006b) (Deb, 2005).  

According to Deb, et al., (2006b) R-NSGA-II is similar to original NSGA-II, but differs in some aspects; first 

of all, in order to apply R-NSGA-II, a decision maker has to provide one or more reference points for the 

algorithm; otherwise it works like NSGA-II; second, the crowding-distance metric (idistance) of NSGA-II (and 

consequently its niche comparison operator) is modified in R-NSGA-II; this metric is called 'preference distance' 

because it represents how solutions are close to preference points; using this metric, solutions closer to 

reference points are more emphasized for selecting; finally, in order to maintain diversity of selected solutions 

close to the reference points, R-NSGA-II applies a procedure, which is called ε-based selection strategy in the 

niche comparison; it uses a parameter named ε that de-emphasizes solutions within its proximity. The difference 

between NSGA-II and R-NSGA-II is shown in Figure 2.11. 

  

Figure 2.11: Extending the original NSGA-II algorithm to R-NSGA-II algorithm. 

As explained in Section 2.2.2, to obtain an estimate of the density of solutions around a solution in a 

population, NSGA-II calculates the crowding-distance metric or idistance. In R-NSGA-II, this metric is replaced by 

preference distance, which is calculated differently by applying the normalized weighted Euclidean distance 

measure (Figure 2.12). 
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Figure 2.12: Extending the original NSGA-II to R-NSGA-II in terms of calculating the distance metric. Here, 𝑴 is the number of objectives, 
𝒇𝒎
𝒎𝒂𝒙 and 𝒇𝒎

𝒎𝒊𝒏 are the population maximum and minimum objective value of the 𝒎− 𝒕𝒉 objective. In the left formula: 𝒎𝒊−𝟏 and 𝒎𝒊+𝟏 are the 
𝒎− 𝒕𝒉 objective value of adjacent closest solutions to solution 𝒊. And in the right formula, 𝝎𝒊 is the weight vector assigned to solution 𝒊, 𝒎𝒊 is 
the 𝒎 − 𝒕𝒉 objective value of solution 𝒊, and 𝒎𝒋 is the 𝒎 − 𝒕𝒉 objective value of reference point 𝒋. In order to fine-tune the objective values 

measured on different scales to a practically common scale, the normalization is applied in the formulas (Deb, et al., 2002) (Deb, et al., 2006b). 

Similar to NSGA-II, R-NSGA-II sorts solutions in different fronts, but is slightly different: (i) R-NSGA-II 

calculates the normalized Euclidean distance of every solution with respect to a reference point, then, sorts 

solutions in a set (in ascending order of distance to the reference point) and assigns a rank to every individual of 

the set, starting from rank 1, rank 2, and so on; the output of this stage is a set of sorted solutions with assigned 

ranks with respect to the reference point; solutions which are closer to the reference point are assigned lower 

ranks, (ii) R-NSGA-II repeats the above procedure for the next reference points, (iii) R-NSGA-II considers the 

minimum of the assigned ranks to every solution as the preference distance of the solution; it should be noted 

that after non-dominated sorting of solutions in different fronts, for selecting solutions in the last front, the 

selection criterion of R-NSGA-II is based on the modified niche comparison; moreover, after forming a parent 

population from a combined parent and an offspring, the tournament selection criterion is based on the 

preference metric; solutions with a smaller preference distance are preferred; in the binary tournament, if the 

two randomly selected solutions are on the same front, the one, which has the smaller preference distance is 

the winner (Deb, et al., 2006b). Table 2.3 sorts the assigned preference distance of every solution of the assumed 

population (shown in Figure 2.13) with 10 solutions (S1… S10) and 2 reference points R1 and R2.  
Solution S1 S2 S3 S4 S5 S6 S7 S8 S9 S10 

Rank with respect to R1 2 1 3 5 4 6 7 9 10 8 

Rank with respect to R2 9 4 7 2 8 1 3 5 6 10 

Preference distance (rank) 2 1 3 2 4 1 3 5 6 8 

Table 2.3: R-NSGA-II algorithm assigns the preference distance (rank) to every solution of the assumed population. 

 

Figure 2.13: Left picture: an assumed population with 10 solutions (S1… S10) and 2 reference points (R1 & R2). R-NSGA-II algorithm 
calculates the distance of each solution to every reference point (rank). Right picture: the minimum of the assigned ranks to every solution is 
considered as the preference distance of the solution. 

In order to control the diversity of selected solutions, R-NSGA-II applies the ε-based selection strategy 

using a parameter called ε in the modified niche comparison operator; to do so, in the last front, the algorithm 

selects a solution from non-dominated set of solutions randomly; then, by assuming the selected solution as a 

central point, R-NSGA-II calculates the distance of adjacent solutions (of the same front) to this point until 
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reaches the radius of ε; in other words, it calculates the sum of normalized difference in objective values of ε or 

less from the chosen solution (Deb, et al., 2006b).  

At this point, in order to discard the solutions in the ε-vicinity of the selected solution, R-NSGA-II assigns 

them a large distance value (∞); in this way, only one solution (central solution) is selected and other solutions 

are discarded (see Figure 2.14); thereafter, the algorithm selects another unconsidered solution from the 

remaining solutions in the set of non-dominated solutions (of the same front) and repeats the above procedure 

for the solution and continues until reaching the assumed number of selected solutions (Deb, et al., 2006b). 

 

Figure 2.14: R-NSGA-II applies the ε-based selection strategy in order to control the diversity of selected solutions. R-NSGA-II applies 
the 𝛆 parameter so that de-emphasizes solutions within its proximity. Here, if we assume that solution 3 is the first randomly selected solution 
of the last front of the population, the other solutions in the 𝛆-vicinity of this solution (2, 4, and 5) will be discarded based on the strategy. The 
ε vicinity is displayed as a dotted circle around the selected solution. 

 Adaptive-Epsilon-R-NSGA-II algorithm 

This section introduces AE-R-NSGA-II in detail. As mentioned earlier, R-NSGA-II applies the ε-based 

selection strategy in the modified niche comparison; it uses the ε parameter in order to reduce the emphasis of 

solutions within its proximity; in the extended version, AE-R-NSGA-II, this strategy is modified to adaptive ε-

based selection strategy or distance-based diversity control (Siegmund, et al., 2012a). Figure 2.15 shows 

development of original NSGA-II to AE- R-NSGA-II in an overview. 

 

Figure 2.15: An overview of the development of original NSGA-II to AE-R-NSGA-II. 

In R-NSGA-II, a decision maker is provided with the constant ε parameter, which can be adjusted before 

a run according to the problem characteristics and her/his preferences to obtain a set of well-diversified 
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solutions; selection of higher (lower) values of ε changes the behavior of the algorithm in a way that it 

investigates a wider (narrower) region of the feasible space to select the desired non dominated solutions; this 

change results in a set of more (less) diverse solutions, which are close to the reference point (Siegmund, et al., 

2012a).  

By applying the higher values of ε, on the positive side, the decision maker attains a better understanding 

of the solutions; but, on the negative side, this results in the lower speed of the search; in contrast, by applying 

the lower values of ε , on the positive side, the algorithm works faster; but, on the negative side, the decision 

maker cannot attain a better understanding of the solutions, especially in the earliest generations of the 

algorithm (Siegmund, et al., 2012a).  

Given these points, R-NSGA-II is modified to AE-R-NSGA-II in order to improve the performance in a way 

that provides a better idea of solutions to decision makers while works faster than before; to this aim, AE-R-

NSGA-II uses the adaptive ε parameter (generation based ε) in a run instead of using the static value of ε 

parameter (Figure 2.16) (Siegmund, et al., 2012a). 

 

Figure 2.16: In a run, 𝛆 parameter value is constant in R-NSGA-II, but inconstant in AE-R-NSGA-II (Siegmund, et al., 2012a). 

Besides, the adaptive epsilon method of calculation is given more flexibility by means of two operators: 

(i) vertical adaptive ε operator, and (ii) horizontal adaptive ε operator; the vertical adaptive ε is proportional to 

distance between closest solution (of population and offspring set) and reference point; the horizontal adaptive 

ε is proportional to distance between each solution (of population and offspring set) and the closest solution 

(Siegmund, et al., 2012a).  

Since this study only focuses on the first operator, we skip the other one here (cf. (Siegmund, et al., 

2012a)). Below we explain AE-R-NSGA-II, when the first operator is activated and the other one is deactivated.  

Similar to R-NSGA-II, the initial ε parameter value of AE-R-NASGA-II needed to be tailored by decision 

makers based on the problem characteristics before a run; also, in every generation (except the initial 

generation), AE-R-NASGA-II generates a new set of population and offspring; this is closer to the desired 

reference point, then, sorts the set (non-domination sort), next, automatically calculates and adjusts the ε 

parameter value proportional to distance between the closest solution and reference point ( Figure 2.17 (left 

picture)) (Siegmund, et al., 2012a).  

Similarly, when there is more than one reference point, based on the distance of solutions to reference 

points the algorithm clusters the set to some subsets; each subset consists of solutions which are closer to one 

specific reference point; then, the algorithm calculates different ε parameters based on the distance of the 
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closest solution of each subset to the corresponding reference point (Figure 2.17 (right picture)) (Siegmund, et 

al., 2012a).  

It should be noted that for the distance calculation, the algorithm applies the normalized Euclidean 

distance formula; also, all individuals of the set, and the reference points are included in the normalization 

calculation (Siegmund, et al., 2012a).  

Additionally, in AE-R-NSGA-II algorithm a decision maker is provided with two parameters referred to as 

lower and upper bound of epsilon (ε & ε); these control boundary values of the adaptive ε parameter; for each 

reference point ri the calculation of the adaptive εi is (Siegmund, et al., 2012a): 

𝜺𝒊 ∝
𝒅𝒊𝑲

𝟐𝑵
  (2.3) 

Here, di is the distance of the closest solution of the set (of population and offspring) to the reference 

point ri; K is the number of reference points; N is the number of solutions in the set of population (2N is the 

number of solutions in the set of population and offspring); as a result (Siegmund, et al., 2012a):  

 𝒅𝒊 𝑲

𝟐𝑵
 ≤ 𝜺𝒊 ≤ 

𝒅𝒊 𝑲

𝟐𝑵
 (2.4) 

Here, di is the distance between the closest solution of the last generated set (of population and offspring) 

and the reference point, and  di is the distance between the closest solution of the second generated set (of 

population and offspring) and the reference point (Figure 2.18); the lower and upper bounds control the ε 

parameter decrement or increment when the obtained Pareto front is too close to the reference point or too 

far away from the reference point respectively (Siegmund, et al., 2012a). 

 

Figure 2.17: AE-R-NSGA-II, calculates the generation based 𝛆 parameter (adaptive 𝛆) based on the distance between the closest solution 
of the set (of population and offspring) and the reference point (𝐝𝟐, 𝐝𝟑, & 𝐝𝟒 in the left picture) after the initial generation. In case there are 
more than one reference point, the algorithm clusters the set into some subsets and applies the distance of the closest solution of each set to 
the closest reference point for the calculation (𝐝𝟏 & 𝐝𝟐 in the right picture) (Siegmund, et al., 2012a). 
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Figure 2.18: In AE-R-NSGA-II, the lower and the upper 𝜺 bounds (𝜺 & 𝜺) control the ε parameter decrement or increment when the 

obtained Pareto front is too close to the reference point or too far away from the reference point respectively (Siegmund, et al., 2012a). 

Despite all improvements, AE-R-NSGA-II still has some drawbacks, which indeed are inherited from the 

original R-NSGA-II; in a single loop of selection, AE-R-NSGA-II is able to preserve the minimum diversity of 

solutions; but, in case the algorithm has to select solutions in more than one loop, it does not preserve the 

minimum diversity of solutions in an experiment run; after non-domination sorting of the set of population and 

offspring, the algorithm starts the selection process from the first front by finding and selecting the closest 

solution(s) of the Pareto front to the reference point(s), then, selects (or discards) the other solutions of the 

front(s) based on the re-modified Niche-comparison; the algorithm continues this process front by front 

respectively, until the assumed number of selected solutions is reached; otherwise, after investigating the last 

front, the algorithm starts with a new selection loop from the first front again and investigates the previously 

discarded or unconsidered solutions front wise; the above process continues until the assumed number of 

selected solutions is reached; therefore, the minimum diversity cannot be preserved (Siegmund, et al., 2012a).  

In order to increase the speed of search, AE-R-NSGA-II is provided with an operator called Select first 

fronts completely, which can arbitrary be activated; but, it does not improve the performance of the algorithm 

in terms of the minimum diversity preservation.  

The following example in Figure 2.19 displays how in one loop the algorithm selects 10 solutions out of 

20 solutions of an assumed set of population and offspring in a generation of an experiment (not the initial 

generation). The ε vicinity is shown as a dotted circle around the selected solution. In a single loop the algorithm 

reaches the assumed number of solutions (10 solutions) in the last front. In other words, in this particular 

example the minimum diversity is preserved by the algorithm.  

Next example in Figure 2.20 clarifies the above mentioned issue. The example illustrates the process of  

performing two loops to select 16 solutions out of the set in a generation of an experiment (not the initial 

generation) on an assumed set of population and offspring with 32 solutions. As shown, the algorithm reaches 

the assumed number of selected solutions in two selection loops. It is obvious that as soon as the algorithm 

selects one more solution in the beginning of the second loop (solution 12), it ignores the minimum diversity of 

the selected solutions. In fact, since this solution is located in the ε vicinity of solution 1, it already has been 

discarded in the first loop. But, in the second loop the algorithm selects this solution. Similarly, the algorithm 

selects subsequent solutions and discards the minimum diversity. 
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Figure 2.19: If AE-R-NSGA-II obtains the assumed number of solutions in a single loop, it preserves the desired minimum diversity. As 
shown above,  the algorithm selects 10 solutions out of 20 in a single loopthe and the minimum desired diversity is preserved on an assumed 
set of population and offspring. 

 

 

 

Figure 2.20: AE-R-NSGA-II selects 16 solutions out of 32 solutions in two selection loops on an assumed set of population and offspring. 
In this particular example the algorithm does not preserve the minimum diversity of the selected solutions (the Select first front completely 
operator is not activated). 

When the operator is activated, the algorithm starts the selection process from the first front and selects 

all solution of the front completely without considering the diversity of the solutions and the ε parameter. This 

process continues front by front respectively, until the last front. In the last front, the selection process is based 

on the re-modified Niche comparison and preserving the minimum diversity of solutions and the ε parameter. 

The process continues until the assumed number of selected solutions is reached.  

Figure 2.21 illustrates the process of selecting 16 solutions out of 32 on an assumed set of population and 

offspring in a generation of an experiment (not the initial generation). As shown, after selecting all individuals 

of the first and the second front (F1 & F2) respectively, the algorithm performs the re-modified Niche-comparison 

in the third front (F3) to select the remaining number of solutions. Obviously, the algorithm only preserves the 

minimum diversity of the selected solutions in the last front. 
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Figure 2.21:  AE-R-NSGA-II runs on an assumed set of population and offspring, while the Select first fronts completely operator is 
activated, and the algorithm selects 16 solutions out of 32 solutions in a loop. In this particular example the algorithm works faster because of 
the activated operator, but it does not preserve the minimum diversity of the selected solutions in the first two fronts. 
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 Methodology 

This thesis evaluates behavior and performance of AE-R-NSGA-II through two experiments, using two 

benchmark functions, 10 measures, and a behavioral characteristics analysis method.  

For this purpose, the OPTIMISE platform has been used that includes a benchmark software, and already 

contained an implementation of AE-R-NSGA-II. This platform is developed for solving optimization problems, 

and evaluating related algorithms among others (cf. Appendix A: OPTIMISE research project). We analyzed the 

data using the benchmark software, including the different features and tools such as: performance measures 

and the corresponding analysis views and diagrams. Also, we applied the confidence interval statistical analysis 

method and the corresponding standard error bars for obtaining reliable results.  

The experiments are designed to (i) assess behavior and performance of AE-R-NSGA-II, (ii) and facilitate 

efficient use of the algorithm in real world optimization problems. This is achieved through the algorithm 

parameter configuration (parametric study) according to the problem characteristics. The behavior and 

performance of the algorithm in terms of diversity of the solutions obtained, and their convergence to the 

optimal Pareto front is studied in the first experiment through manipulating a parameter of the algorithm 

referred to as Adaptive epsilon coefficient value (C), and in the second experiment through manipulating the 

Reference point (R) according to the distance between the reference point and the global Pareto front.  

Therefore, as one continuation of this study two new diversity performance measures (called Modified 

spread, and Population diversity), and a behavioral characteristics analysis method called R-NSGA-II adaptive 

epsilon value have been introduced and applied. They can be modified and applied for the evaluation of any 

reference point based algorithm such as AE-R-NSGA-II.  

Section 3.1 presents the benchmark functions we used in our evaluations. Section 3.2 demonstrates 

performance measures applied in this study, including our new proposals. Section 3.3 reviews the design of 

experiments. Finally, Section 3.4 sorts the applied settings for the experiments in this study. 

 Benchmark functions 

Benchmark functions are one of the main factors in an evaluation process. They are some problems that 

have been extensively applied by researchers in order to test and prove the applicability of EMOAs. As already 

discussed in Section 2.1, in the development of EMOAs they have been improved in terms of less complexity. 

While in contrast, benchmark functions have been improved in terms of high complexity.  

These developing, controllable, yet challenging test problems, have been modified in order to test the 

algorithms in terms of investigating the problem difficulties; identifying such problems, with different features 

and characteristics, helped developers and researchers to obtain a better insight on the performance of the 

algorithms and find more efficient methods (Deb, et al., 2006b). Such EMOA test problems may cause the 

algorithms difficulty in converging to the true Pareto-optimal front (Deb, 1999) (Zitzler, et al., 2000).  

Despite all the developments, there exists no systematic study to speculate what problem features may 

cause an EMOA to face difficulties; but in this regard, two common types of test problems have been designed: 

(i) test problems with a specific feature that challenge a specific aspect of EMOAs; they involve a particular 

feature that is known to cause difficulty in the optimization process (e. g., multimodality and deception); 

investigating the different problem features separately, provides researchers with the ability to design the kind 

of problems in which a certain algorithm is or is not well suited, (ii) test problems having different features in 

order to challenge the methodologies from different aspects (Deb, 1999) (Zitzler, et al., 2000).  
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The most popular test problems referred to as standard benchmark functions are very useful in various 

research activities on EMOAs, such as: evaluating the performance of a new algorithm, comparing different 

algorithms, and showing how an algorithm works (Deb, et al., 2005). According to Bechikh, (2013), among 

several proposed test functions, the most cited test function suits are the bi-objective Zitzler-Deb-Thiele 

benchmark suite known as ZDT (Zitzler, et al., 2000), and the scalable Deb-Thiele-Laumans-Zitzler benchmark 

suite known as DTLZ (Deb, et al., 2002). Although they do not reflect necessarily the main features of the real 

world problems, but they are able to determine the approximate of the Pareto-optimal front analytically with 

their special characteristics and features such as, non-convexity, multimodality, non-uniformity of the search 

space, and discontinuity (Bechikh, 2013). 

EMOAs may have some difficulties in achieving their binary trade-off tasks (guide the search towards the 

global Pareto optimal region, and maintain the population diversity in the current non-dominated front), as 

some of them follows: the difficulty in (i) converging to the optimal Pareto front because of multimodality, 

deception, isolated optimum, and collateral noise, (ii) maintaining diverse Pareto optimal solutions because of 

convexity or non-convexity in the Pareto-optimal front, discontinuity in the Pareto-optimal front, and non-

uniform distribution of solutions in the Pareto-optimal front, (iii) constraints, when hard constraints in a multi-

objective problem may cause further difficulties in both previously mentioned aspects (Deb, 1999).  

The benchmark functions contain important characteristics that make them highly complex problems, 

even more complicated than the optimization problems in reality, thus, if an EMOA can show promising results 

in solving the standard test functions, it can be guaranteed in some cases that the EMOA is able to solve the real 

world optimization problems as well (Zitzler, et al., 2000) (Deb, 2001) (Bechikh, 2013).  

In most of the test problems, there are different parameters that can be modified in order to increase or 

decrease the complexity of the problem (e.g., modifying the number of local optima Pareto fronts) (Bechikh, 

2013). Similarly, we applied ZDT4 and ZDT1 test functions (Table 3.1) from the above mentioned suits in order 

to evaluate the behavior and performance of AE-R-NSGA-II in this study. 

ZDT1 𝒇𝟏(𝒙) = 𝒙𝟏, 𝒇𝟐(𝒙) = 𝒈(𝒙) [𝟏 − √
𝒇𝟏(𝒙)

𝒈(𝒙)
], 𝒈(𝒙) = 𝟏 +

𝟗

𝒏−𝟏
∑ 𝒙𝒊
𝒏
𝒊=𝟐 , 𝒙𝒊 ∈ [𝟎, 𝟏] ∀𝒊 ∈  {𝟏, … , 𝒏}, 𝒏 = 𝟑𝟎 

ZDT4 𝑓1(𝑥) = 𝑥1, 𝑓2(𝑥) = 𝑔(𝑥) [1 − √
𝑓1(𝑥)

𝑔(𝑥)
−
𝑓1(𝑥)

𝑔(𝑥)
𝑆𝑖𝑛 (10𝜋𝑓1(𝑥))], 𝑔(𝑥) = 1 +

9

𝑛−1
∑ 𝑥𝑖
𝑛
𝑖=2 , 𝑥𝑖 ∈ [0, 1] ∀𝑖 ∈  {1,… , 𝑛}, 𝑛 = 30 

Table 3.1: ZDT1 and ZDT4 test problems (Zitzler, et al., 2000) have been applied in this study in order to evaluate the behavior and 
performance of AE-R-NSGA-II. 

 Performance measures 

Besides the benchmark functions,  we have applied some performance measures in our evaluations, 

including: (i) diversity measures, including Spread, Modified spread (new proposal), and Population diversity 

(new proposal), (ii) convergence measures, including Reference point convergence, Individual objective (f1 

value), Inverted generational distance, and Convergence or Generational distance, (iii) hybrid measures, 

including Graphical presentation of the obtained solutions, Hypervolume, and Hypervolume with archive. 

Additionally, we applied R-NSGA-II adaptive epsilon value (new proposal) that can be classified as a behavioral 

characteristics analysis method.  

In reality, it is difficult to judge the performance of multi-objective algorithms because there is no 

universally accepted definition of optimum in multi-objective as in single objective optimization problems 

(Sarker, et al., 2002). Finding an optimal Pareto front is the ultimate goal in multi-objective optimization; 
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however, since in practice a representative subset (approximation set) is attainable after a certain amount of 

running time of an EMOA, there exists a need to measure the quality of the obtained solutions; the 

approximation set is containing some of the optimal solutions, not every possible solution, or some of close to 

optimal solutions; therefore, performance indicators, also known as metrics have been designed for this purpose 

(Bradstreet, 2011) (Siegmund, 2009).  

But, it should be noted that design of suitable metrics and assessment of EMOAs are very difficult and 

complicated tasks; because, there are several solutions in the Pareto optimal set of an optimization problem; 

also, due to the stochastic nature of EMOAs, several runs are required in order to obtain reliable solutions; 

therefore, statistical analysis methods are needed to obtain such solutions; in addition, in the measurement of 

EMOAs, different aspects of performance should be evaluated (Sarker, et al., 2002). 

In fact, the notion of performance includes both the quality of the outcome as well as the computational 

resources needed to generate this outcome (Zitzler, et al., 2004). The key question in the design of quality 

measures is how to best summarize approximation sets by means of a few characteristic numbers similarly to 

statistics where the mean, the standard deviation, etc. are used to describe a probability distribution in a 

compact way (Zitzler, et al., 2003).  

In the development of EMOAs there have been two fundamental aspects in the performance 

measurement of different algorithms, which have been applied to solve multi objective optimization problems: 

(i) closeness of the obtained solutions to the global Pareto front, and (ii) diversity of the obtained solutions 

throughout the global Pareto-front; the latter could be divided into two other aspects: (i) spread along the 

Pareto front and (ii) number of elements of the obtained Pareto optimal set (Deb, 2001) (Sarker, et al., 2002). 

These aspects have been applied in order to designing and developing different varieties of performance 

measurement metrics; among them are some commonly used metrics classified in three categories, as follows: 

(i) metrics evaluating the closeness to the optimal Pareto front such as: Error ratio, Set coverage, Generational 

distance, and Maximum Pareto-optimal front error, (ii) metrics evaluating the diversity among non-dominated 

solutions such as: Spacing, Spread, Maximum spread, and Chi-square like deviation measure, (iii) metrics 

evaluating the closeness and the diversity at the same time, such as: Hypervolume, Attainment surface based 

statistical metric, Weighted metric, and Non-dominated evaluation metric; most of these metrics normally 

consider only one of the fundamental aspects that we need to measure when dealing with multi-objective 

optimization problems (Deb, 2001) (Sarker, et al., 2002). 

In another point of view, Bechikh, (2013) has classified the well-known performance measures: (i) unary 

indicators, (ii) binary indicators, (iii) convergence indicators, (iv) diversity indicators, (v) indicators require a true 

Pareto front, (vi) best value indicator, and (vii) pareto compliant indicators. 

The performance measures mostly have been applied to quantify the performance of an algorithm and 

to compare it against another one; but, despite all the developments and variety of the measures, (i) there are 

still no standard measures, (ii) the relation between them are still unclear, and (iii) there is no general consensus 

on their pros and cons between researchers (Helbig & Engelbrecht, 2013) (Zitzler, et al., 2002).  

Generally speaking, the quality of an approximation set cannot be completely described by a (finite) set 

of distinct criteria such as diversity and distance; since both aspects are conflicting in nature, comparing two 

sets of trade-off solutions requires different performance measures; a combination of binary and unary quality 

indicators can give the possibility to evaluators to detect whether an algorithm performs better than another in 

terms of the quality of the outcomes (Zitzler, et al., 2002) (Deb & Jain, 2002).  

According to Veldhuizen & Lamont, (2000), as cited in (Zitzler, et al., 2004), it is difficult to define 

appropriate quality measures for Pareto set approximations, and as a consequence graphical plots have been 
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used to compare the outcomes of EMOAs until recently; up to now, no extensive, quantitative comparison of 

different methods has been reported in literature; the few comparisons available to date are mostly qualitative 

and restricted to two different methods; quite often, the test problems considered are rather simple (Zitzler & 

Thiele, 1998).  

Although there exists a number of performance metrics in EMOA literature, most of them have been 

applied to the final non-dominated set obtained by an EMOA to evaluate its performance (Deb & Jain, 2002). 

Most of the current proposed metrics assume that the global Pareto front of the EMOA under study is known or 

it can be generated, therefore, by comparing the obtained Pareto-front against the global Pareto-front and 

determining the certain error measures, the performance can be evaluated (Sarker, et al., 2002).  

In summary, it is hard to design a metric, able to evaluate the performance of EMOAs from different 

aspects; a combination of different metrics, and the rather difficult statistical interpretation methods are needed 

for the task (Zitzler, et al., 2000).  

Following, we introduce the commonly applied performance measures in literature and our new 

proposals. We used them in this study for our evaluations on AE-R-NSGA-II. 

  Diversity measures 

Spread: spread measuring techniques, measure the distribution of solutions in the obtained Pareto front 

over the non-dominated region (Sarker, et al., 2002). Spread is a measure, which takes the distances between 

solutions of the obtained Pareto-front and the extent of solutions into account in order to quantify the 

performance of an algorithm in terms of the diversity of the obtained solutions; the smaller is the value of the 

Spread, the better is the performance; therefore, the best performance of an algorithm occurs when Spread =

0; this shows that an ideal set of non-dominated solutions are obtained; the following formula displays the 

calculation method for the measure: 

∆=
∑ 𝒅𝒎

𝒆𝑴
𝒎=𝟏 +∑ |𝒅𝒊−�̅�|

|𝑸|
𝒊=𝟏

∑ 𝒅𝒎
𝒆𝑴

𝒎=𝟏 +|𝑸|�̅�
 (3.1) 

here, Q is the set of obtained Pareto-front solutions, di is the distances between neighboring solutions, d̅ is the 

mean value of the distances, and dm
e  is the distance between the extreme solutions of the global Pareto front 

(P∗) and the obtained Pareto front (Q) corresponding to the m-th objective function; in the ideal set of obtained 

non dominated solutions, dj
e = 0 and di = d (Deb, et al., 2002) (Deb, 2011) (Deb, 2001).  

In the formula |Q| − 1 can be used for two objective problems and |Q| can be used for three objective 

problems (Peña, et al., 2007). This metric, also known as Spacing metric, is a value measuring the spread 

(distribution) of vectors throughout PFknown (obtained Pareto front) (Veldhuizen & Lamont, 2000). 

A drawback of this measure is the dependency to the global Pareto front (P∗) as the reference Pareto 

front; but, there are some other similar spread metrics in literature, which are independent of the global Pareto 

front; they implicitly assume that our EMOA has converged to the global non-dominated solutions; otherwise, 

knowing that our algorithm produces a good distribution of solutions may become useless (cf. Sarker, et al., 

(2002)). Another drawback of the Spread metric reveals when all the obtained solutions are evenly distributed 

and clustered in a place (Deb, 2001). Following, Figure 3.1 represents the calculation method of the spread in 

bi-dimensional space, and Error! Reference source not found. presents a hand calculation example for the 

obtained non-dominated front of an assumed population (see Figure 3.2). 
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Figure 3.1: Spread measure applies distances between solutions of the obtained Pareto front, and distances between extreme solutions 
of the Pareto front and the global front in order to measure the diversity of obtained solutions (Deb, 2001). 

𝒅𝟏
𝒆 = √𝟏𝟐 + 𝟏𝟐 = 𝟏.𝟒𝟏, 𝒅𝟐

𝒆 = √𝟑𝟐 + 𝟎 = 𝟑, 

𝒅𝟏 = √𝟏
𝟐 + 𝟑𝟐 = 𝟑.𝟏𝟔, 𝒅𝟐 = √𝟐

𝟐 + 𝟑𝟐 = 𝟑. 𝟔𝟏, 𝒅𝟑 = √𝟐
𝟐 + 𝟐𝟐 = 𝟐. 𝟖𝟑, 𝒅 =

𝟑. 𝟐𝟎 

∆=
(𝟏. 𝟒𝟏 + 𝟑) + (|𝟑. 𝟏𝟔 − 𝟑. 𝟐𝟎| + |𝟑. 𝟔𝟏 − 𝟑. 𝟐𝟎| + |𝟐. 𝟖𝟑 − 𝟑. 𝟐𝟎|)

(𝟏. 𝟒𝟏 + 𝟑) + ((𝟒 − 𝟏) ∗ 𝟑. 𝟐𝟎)
= 𝟎. 𝟑𝟕 

Table 3.2: An example of the spread metric hand calculations. 

 

Figure 3.2: An assumed population with 10 solutions (S1… S10). 

Modified Spread (first front diversity measure): in order to apply the spread measure for the evaluation 

of AE-R-NSGA-II, we modified this measure to some extent, as follow. Because (i) the spread measure only uses 

extreme solutions of the global Pareto front, (ii) our algorithm is a reference point based algorithm that guides 

the search towards the reference point, and (iii) we are interested in solutions located in the close vicinity of the 

reference point, therefore, we can use virtual extreme solutions defined by decision makers, instead of the real 

extreme solutions of the global Pareto front. The virtual solutions can be defined as two points on/ far from the 

global Pareto front and located in the close vicinity of the reference point, based on the user preferences and 

the problem characteristics. We use the direct distances between the solutions instead of Euclidean distances 
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in this measure, but any other type of distance measurement can be applied. Figure 3.3 shows the virtual 

extreme points and distances. Therefore, the measure is independent of any reference Pareto front, which is an 

advantage. Also, it is simplified, when we use direct distances between the solutions instead of Euclidean 

distances. 

 

Figure 3.3: The modified spread measure applies virtual extreme points and distances for measuring the diversity. 

Population diversity (multiple front diversity measure): the spread metric measures diversity of the 

obtained non-dominated solutions among the first front. Similarly, we propose the population diversity measure 

that quantifies diversity of the obtained solutions among a population, not only the first front of the population. 

This measure provides a thorough understanding of the spread of solutions and has two special characteristic: 

(i) it is independent of any global Pareto front, and (ii) it is independent of any reference point. 

In fact, this multiple spread measure or multiple front diversity measure is the modified version of the 

crowding distance metric (cf. Section 2.2.2).  The population diversity measure averages modified crowding 

distances of solutions among all fronts, but for the extreme solutions, applies the value of the direct distance to 

the neighboring solutions, instead of the infinite (∞) value, which has been applied in the original crowding 

distance calculations.  

Furthermore, if there is only one solution in a front, it assigns the value equal to zero to the solution. A 

population with a smaller value of this spread measure is, in some sense, less diverse. Table 3.3 shows how  the 

measure calculates the average modified crowding distance or the population diversity on an assumed 

population (see Figure 3.4). 
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Figure 3.4: An assumed population with 10 solutions (S1… S10). 

𝒊𝒓𝒂𝒏𝒌 = 𝟏 

Sorted solutions S1 S2 S4 S6 

f1 value 1 2 4 6 

Modified 𝑖𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 
2 − 1

13 − 1
 

4 − 1

13 − 1
 

6 − 2

13 − 1
 

6 − 4

13 − 1
 

Sorted solutions S6 S4 S2 S1 

f2 value 1 3 6 9 

Modified 𝑖𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 
9 − 6

9 − 1
 

6 − 1

9 − 1
 

9 − 3

9 − 1
 

3 − 1

9 − 1
 

𝒊𝒓𝒂𝒏𝒌 = 𝟐 

Sorted solutions S3 S7 - - 

f1 value 5 8 - - 

Modified 𝑖𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 
8 − 5

13 − 1
 

8 − 5

13 − 1
 - - 

Sorted solutions S7 S3 - - 

f2 value 2 8 - - 

Modified 𝑖𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 
8 − 2

9 − 1
 

8 − 2

9 − 1
 - - 

𝒊𝒓𝒂𝒏𝒌 = 𝟑 

Sorted solutions S5 S8 - - 

f1 value 8 10 - - 

Modified 𝑖𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 
10 − 8

13 − 1
 

10 − 8

13 − 1
 - - 

Sorted solutions S8 S5 - - 

f2 value 2 6 - - 

Modified 𝑖𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 
6 − 2

9 − 1
 

6 − 2

9 − 1
 - - 

𝒊𝒓𝒂𝒏𝒌 = 𝟒 

Sorted solutions S9 - - - 

f1 value 12 - - - 

Modified 𝑖𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 0 - - - 

Sorted solutions S9 - - - 

f2 value 2 - - - 

Modified 𝑖𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 0 - - - 

𝒊𝒓𝒂𝒏𝒌 = 𝟓 
Sorted solutions S10 - - - 

f1 value 13 - - - 



 

 

37 

Modified 𝑖𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 0 - - - 

Sorted solutions S10 - - - 

f2 value 5 - - - 

Modified 𝑖𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 0 - - - 

Solution S1 S2 S3 S4 S5 S6 S7 S8 S9 S10 

Overal modified 𝒊𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 
1

12
+
3

8
 
3

12
+
6

8
 
3

12
+
6

8
 
4

12
+
5

8
 
2

12
+
4

8
 
2

12
+
2

8
 
3

12
+
6

8
 
2

12
+
4

8
 0 0 

Population diversity or  

average modrified 𝒊𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆 

1
12
+
3
8
+
3
12
+
6
8
+
3
12
+
6
8
+
4
12
+
5
8
+
2
12
+
4
8
+
2
12
+
2
8
+
3
12
+
6
8
+
2
12
+
4
8
+ 0 + 0

10
= 0.6167 

Table 3.3: Population diversity hand calculations for an assumed population. 

 Convergence measures 

Reference point convergence: Czyzżak and Jaszkiewicz, (1998), later Deb and Jain, (2002) presented 

running metrics that quantify the (generation based) average distance between non-dominated solutions of the 

obtained population and the global Pareto front in order to evaluate the ability of the convergence of an EMOA 

towards a previously known reference set. A running performance metric is a metric that provides the 

generation based variation of the mean value/ best fitness of the metric , in contrast with metrics that only 

present what have been obtained at the end of a simulation run  (Deb & Jain, 2002). 

Similarly, Siegmund, et al. (2013) presented a running performance metric that quantifies the ability of 

convergence of an algorithm towards a reference point (or a set of reference points), instead of a reference 

Pareto optimal set. This metric can be applied specifically for the performance evaluation of the reference point 

based algorithms. This reference point convergence metric measures the generation based optimization 

progress through calculating the average reference point distance of the population, on average for the last n 

populations. 

In other words, the average improvement in reference point distance of the last n populations is used as 

the progress indicator; in order to increase the flexibility of the metric while solving problems with different 

characteristics and also reducing the impact of the outlier solutions in the calculations, the metric is provided 

with a parameter called α (α ∈ [0, 1]); by setting the α parameter value, only α-percent of obtained solutions of 

the population that are closest to the reference point will be used in the calculations; for example: α = 0.5 

means that only 50-percent of the closest solutions of the population will be applied; Achievement Scalarization 

Function (ASF) that calculates the maximum normalized objective distance between a solution and the reference 

point is applied as the distance metric in the measure; the smaller is the value of the metric, the better is the 

speed of convergence (Siegmund, et al., 2012b). Figure 3.5 shows the calculation method for an assumed 

experiment in three generations when α = 1.  
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Figure 3.5: Reference point convergence metric (RPC) measures the generation based optimization progress through calculating the 
average reference point distance of the population, on average for the last 𝐧 populations. Here, 𝐝𝐢 is the distance between solution 𝐢 and 
reference point. We assume that 𝛂 = 𝟏, which means that all solutions of the population are applied in the calculation. 

Individual objective (f1 value): as it is applied in Siegmund, et al., (2012a) the development of objective 

1 (f1 value) of different test functions over time per an algorithm, when plotted on a diagram, can be a useful 

visual analysis tool in order to track and evaluate the convergence speed of an algorithm towards the global 

Pareto front and reference point.  

Similarly, we use this measure to analyze the behavior and performance of AE-R-NSGA-II in this study. 

Figure 3.6 shows that how the performance of an algorithm changes by manipulating a parameter setting. In 

this case, the distance between the reference point and the global Pareto front in ZDT1 test problem has been 

changed.  

The above picture, with the smaller distance, shows that the obtained solutions are converging to the 

preferred interval of (0.4, 0.5) after about 4000 evaluations. The below picture shows that by increasing the 

distance the speed of convergence of the obtained f1 value reduces. The obtained solutions converge to the 

preferred interval of (0.2, 0.4) after about 8000 evaluations.  

In summary, by increasing the distance between the reference point and the global Pareto front, the 

algorithm works and converges slower. It should be noted that in the lower picture, the obtained interval is 2 

times bigger than the other picture, which represents more diversity of the obtained f1 value (or the solutions). 
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Figure 3.6: Evaluation of the f1 value performance measure diagram shows that how the behavior and performance of AE-R-NSGA-II 
changes by manipulating the distance between the reference point (R) parameter and the global Pareto front in ZDT1 test problem. 

Convergence or generational distance: the generational distance is proposed by Veldhuizen & Lamont, 

(1998), in order to estimate the distance between any individual of the obtained Pareto front and the global 

Pareto front: 

𝑮𝑫 = √
∑ 𝒅𝒊

𝟐𝒏
𝒊=𝟏

𝒏
 (3.2) 

here, 𝑛 is the number of non-dominated solutions, 𝑑𝑖 is the Euclidean distance between any individual of the 

obtained Pareto front and the closest individual of the global Pareto front (Figure 3.7); 𝐺𝐷 =  0 represents the 

optimum value of the measure; in this case, the obtained optimal Pareto front and the global Pareto front are 

matched and fully cover each other; any other value indicates the distance between the obtained frontier and 

the global frontier. 

 

Figure 3.7: Generational distance measure method of calculation (Veldhuizen & Lamont, 1998). 

R1= (0,5, 0,2929) 

≈ 0.1 

R4= (-1, -1,8284) 

≈ 0.2 
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Inverted generational distance: according to Veldhuizen & Lamont, (1998), as cited in (Radziukynienė & 

Žilinskas, 2008) (Yang, et al., 2007) the inverted generational distance (IGD) qualifies the distance between any 

individual of the global Pareto front set and the individuals of the obtained non-dominated set; in other words, 

the IGD metric measures how well is the optimal Pareto front represented by the obtained solution set: 

𝑰𝑮𝑫 =  
𝟏

𝑯
∑ 𝒍𝒊
𝑯
𝒊=𝟏  (3.3) 

here, 𝑙𝑖 is the minimum Euclidean distance of any member of the global Pareto front set to the closest obtained 

non-dominated solution; 𝐻 is the number of solutions in the global Pareto front set (Figure 3.8); 𝐼𝐺𝐷 =  0 

indicates the optimal value of the measure; computing the IGD reduces the bias that can arise when an algorithm 

does not fully cover the true Pareto front. 

 

Figure 3.8: Inverted generational distance measure method of calculation (Veldhuizen & Lamont, 1998). 

 Hybrid measures 

Graphical presentation of the obtained solutions: although, application and interpretation of the 

graphical presentation of the obtained solutions, as a visual analysis tool in most cases is very difficult when is 

applied to analyze the EMOAs, many researchers such as (Zitzler & Thiele, 1999) (Deb, et al., 2006b) (Shukla & 

Deb, 2007) (Siegmund, 2009) (Syberfeldta, et al., 2009) (Bradstreet, 2011) (Siegmund, et al., 2012a) (Bechikh, 

2013) have used this metric as a useful and a main performance measurement tool, along with other measures. 

For instance Zitzler, et al., (2000) in a study, have visualized non-dominated fronts achieved by the 

different algorithms; they have chosen a visual presentation of the results together with the application of a 

metric to carry out a systematic comparison of several EMOAs on different test functions; they also have 

investigated (i) whether the test functions can adequately test specific aspects of each multi-objective algorithm, 

and (ii) whether any visual hierarchy of the chosen algorithms exists.  

Similarly, Sarker, et al., (2002) have used the graphical presentation of function values by plotting non- 

dominated solutions out of unified outcomes of several runs of a test function per algorithm to show the 

superiority of an algorithm over another.  

Correspondingly, this study uses the graphical presentation of the obtained solutions (all solutions, non-

dominated solutions, reference point neighboring solutions), along with other measures, in order to evaluate  

AE-R-NSGA-II. We investigate the development and convergence of the obtained solutions in  the experiments, 

also, the spread of the obtained (dominated and non-dominated) solutions throughout the global Pareto front.  
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Figure 3.9 shows an example of the application of the measure. The above picture shows that how 

changes in a parameter setting of an algorithm influences the development of the obtained solutions. The lower 

picture shows the same influence on the obtained non-dominated solutions. From right to left, the obtained 

solutions bias towards the left axis, also, the diversity of the obtained non-dominated solutions increases. 

 

Figure 3.9: Evaluation of the graphical presentation of the obtained solutions shows that how the behavior and performance of an 
algorithm changes in line with setting changes.  

Hypervolume and Hypervolume with archive: Hypervolume measure encapsulates the measure of the 

spread of solutions along the Pareto front, as well as the distance of the set from the Pareto-optimal front in a 

single unary value (Bradstreet, 2011). This measure considers the volume of the objective space dominated by 

the approximation set (obtained Pareto-optimal set) (Zitzler & Thiele, 1998). Hypervolume metric is the area 

surrounded by members of an obtained Pareto front set (Q), the worst objective value vectors (when minimizing 

the objective functions), and a reference point (w) which is the intersection point of the vectors (Deb, 2001). 

According to Naujoks, (2005), as cited in (Bradstreet, 2011), w is the anti-optimal point or the worst 

possible point of the space, which is important as it can influence the analysis results; while still an open problem, 

one suggestion is to take the worst known value in each objective and shift it by an appropriate amount (the 

hypervolume or hypercube reference point w should not be mistaken by the user defined algorithm reference 

point R).  

The hypervolume calculation formula is as follows (Deb, 2001): 

𝑯𝑽 = 𝑽𝒐𝒍𝒖𝒎𝒆(∪𝒊=𝟏
|𝑸|
𝒗𝒊) (3.4) 

here, Q is the set of obtained Pareto-front solutions, vi is a hypercube constructed from a solution i of Q and the 

reference point w as the diagonal corners of the hypercube (Figure 3.10). 

Between two algorithms, the one with the larger value of the hypervolume has a better performance 

(Deb, 2001). According to Zitzler, et al. (2007) a quality measure that possesses a highly desirable feature is the 

hypervolume measure: whenever one approximation completely dominates another one, the hypervolume of 

the former will be greater than the hypervolume of the latter. In some literature, hypervolume is known as 

hyperarea metric, S-metric or Lebesgue measure (Bradstreet, 2011) (Zitzler, et al., 2007).  

Graphical presentation of the obtained solutions. 

Graphical presentation of the obtained non-dominated solutions. 
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The hypervolume measure has two important and specific advantages, which has made it different from 

the others; so far, this is the only measure known in EMOA literature with these properties: (i) it is very sensitive 

to dominance, and reveals any type of improvement clearly; if an obtained Pareto set dominates another one, 

the metric results in a strictly higher value for the first set, (ii) it reveals the highest quality of performance when 

the obtained Pareto front contains all solutions from the global Pareto front (when it contains all Pareto-optimal 

objective vectors) (Zitzler, et al., 2007). Another advantage is that, this measure can be applied independently 

for measuring an algorithm and there is no need to other algorithms (Zitzler & Thiele, 1999). Moreover, since 

the measure does not need the information of the optimal Pareto front, it can be applied in problems with 

unknown optimal Pareto front (Siegmund, 2009).  

 

Figure 3.10: Hypervolume measure is the area surrounded by the obtained Pareto front members, the worst objective value vectors, 
and the intersection point of the vectors (𝒘) (Deb, 2001). Here, the area is shown using dashed lines in a 2-D example. 

Despite all the advantages, however, hypervolume has one serious drawback: calculating hypervolume 

exactly is NP-hard (Non-deterministic Polynomial-time hard), and exponential in the number of objectives 

(Bradstreet, 2011). NP-hard, in computational complexity theory, is a class of problems that are, informally, at 

least as hard as the hardest problems in NP (Garey & Johnson, 1979). 

According to Syberfeldt, et al., (2008), another disadvantage of the hypervolume metric is the unequal 

weighting of the solutions in the evaluated front; central solutions contribute more to the overall metric value 

than boundary solutions. By the same meaning, according to Zitzler, et al., (2007), one flaw of the Hypervolume 

metric is that it is biased towards convex areas of the optimal Pareto front; furthermore, it is computationally 

expensive; however, recent research developed algorithms that reduce the computational cost of Hypervolume. 

This metric is not free from arbitrary scaling of objectives; to eliminate this difficulty, the metric can be 

evaluated by using normalized objective function values (Deb, 2001). Besides, Hypervolume ratio performance 

measure (HVR) is proposed by Veldhuizen, (1999) to overcome the bias of Hypervolume and calculate a 

normalized value of this metric (here P∗ is the global Pareto front and Q is the obtained Pareto front) (Deb, 

2001):  

𝑯𝑽𝑹 =
𝑯𝑽(𝑸)

𝑯𝑽(𝑷∗)
 (3.5) 

 Behavioral characteristics analysis method 

R-NSGA-II adaptive epsilon value (AE): as already mentioned, this study proposes the generation based 

adaptive epsilon value that can be considered as a method to clarify the behavioral characteristics of AE-R-NSGA-

II, as follows. Zitzler, et al., (2003) and Laumanns, et al., (2002), presented an ε-metric that compares 
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approximation sets by applying the concept of dominance; it measures a factor by which an approximation set 

can be evaluated that is worse than another approximation set with respect to all objectives. Also, we discussed 

in Section 2.4 that AE-R-NSGA-II uses  an adaptive parameter (generation based ε) in an experiment, instead of 

using a fixed value of ε parameter. Similarly, by plotting the value of the generation based ε on a diagram, we 

propose a metric to evaluate the behavior of the algorithm in some extent. Figure 3.11 shows an example, in 

which the behavior of AE-R-NSGA-II changes by adopting a parameter setting (C value). The influence of the 

setting changes can be seen clearly in the initial generations when the solutions are converging to the optimal 

Pareto front. Also the algorithm works like R-NSGA-II when a small C value (C1= 1) is set. 

 

 

Figure 3.11: Generation based R-NSGA-II adaptive epsilon value diagrams for R-NSGA-II and AE-R-NSGA-II (with different C value 
settings) in 5000 evaluation runs on the ZDT4 test problem (1 replication). 

 Design of experiments 

In an experiment (using benchmark functions and/or performance measures) different measures are 

chosen carefully, and every algorithm is then ranked based on its performance; for each and every algorithm 

the average rank of their performance using different measures is calculated; these averaged ranks then can be 

used to compare the algorithms (Helbig & Engelbrecht, 2013). Similarly, this study compares the behavior and 

performance of AE-R-NSGA-II through C and R parameter settings (parametric study) with respect to the selected 

test problems and performance measures we introduced in Section 3.1 and Section 3.2.  

Furthermore, EMOAs are inherently stochastic, and guarantee no similar outcomes under similar 

experimental conditions (Fonseca & Fleming, 1996) (Zitzler, et al., 2000) (Siegmund, et al., 2013). Likewise, most 

of real world problems are inherently stochastic, because they have different uncontrollable variables; 

therefore, a simulation model of such problems is also inherently stochastic in order to be realistic;  this is 

referred to as ‘noise’:  every iteration of a simulation run on a specified initial state of the model (system), leads 

to a unique set of results; this also will affect the result of the optimization algorithm in the optimization process, 
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referred to as noisy optimization, and degrades the algorithm performance in many simulation runs; the 

algorithm may select inferior solutions and put them into the population, while discards superior ones 

(Siegmund, 2009) (Siegmund, et al., 2013) (Syberfeldt, 2009). 

Therefore, to  reduce the influence of this stochastic nature on the results of our evaluations, we applied 

the confidence interval analysis method. Accordingly, we accomplished the following steps in the order 

presented: for each and every (C or  R) setting (i) we ran the corresponding experiment 2 times, (ii) checked the 

error bars of every single group of the diagrams  in order to find any overlaps. In case of overlaps in the bars of 

two groups (i. e. group one when C=1 and group 2 when C=25), we ran the matching experiments until obtaining 

the bars with no overlap, or maximum 10 times (because of possibilities of the platform2).  

One example of such analysis is shown in Figure 3.12: the above picture shows the hypervolume measure 

diagrams of an experiment replicated 1 time, in which different reference points have been set (in 4 groups). 

The lower picture shows the same diagrams but when the experiments have been run 10 times. As it can be 

seen in the latter, the diagrams are less fluctuating, smoother, and have less overlapped standard error bars. 

Also, the upper hypervolume diagrams are limited between [0, 6], while the lower diagrams are limited between 

[0, 2]. As a result, the lower diagrams are more reliable, although still more replications are required. 

 

Figure 3.12: Hypervolume diagrams (with standard error bars) for 1 replication of the experiments (upper picture) and for 10 
replications of the experiments (lower picture). The experiments conducted using the AE-R-NSGA-II with different reference point parameter 
(R) settings in 5000 evaluation runs.  

Figure 3.13 displays the evaluation process of this study in an overview. Following, the first and the second 

experiment conducted in this study are explained in terms of the evaluation process (DOE). 

                                                             
2 In this study we have been limited to maximum 10 times because of the practical matters and limitations, even we 

needed more runs of an experiment in some cases. 
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Figure 3.13: The project design of experiments (DOE) in an overview. 

 The first experiment 

In the first experiment, we tested the different C parameter settings in ZDT4 and ZDT1 test problems. For 

every single test problem, we performed a preliminary, and a final evaluation. In the preliminary evaluation, we 

ran the algorithm 1 time in order to obtain an overall idea of the behavior and performance of the algorithm, 

according to setting changes. In the final evaluation, we ran the algorithm 10 times for more reliability of the 

results. Figure 3.14 sorts the applied C settings.  

 

Figure 3.14: The first experiment in an overview. For every single test problem, different C value settings have been tested through 
preliminary and final evaluations. 

The preliminary evaluation: in the preliminary evaluation we ran the algorithm using three different 

randomly selected C , to simulate and test different ranges of the settings, in which C1=1, C2=25, and C3=50 

simulate very small, average, and very large values, respectively. 

The final evaluation: correspondingly, we conducted the final evaluation by running the algorithm using 

different approximated C, according to the results of the preliminary evaluation and the following method of 

approximation. 
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For every single C we ran the algorithm, and normalized the obtained solutions and performance measure 

values using focused normalization method, instead of ordinary method of normalization, in which the worst 

and the best solutions and the corresponding objective function values are used.  

In the preliminary evaluation, we applied a parameter of the algorithm that automatically selects the 

hypercube with respect to the solutions obtained. Next, we found that arbitrary adoption of the hypercube 

influences the normalization method of calculation, in which better results can be obtained. More analyzes 

revealed that in case we use arbitrary hypercube, where the extreme points are closer to the reference point 

(focused hypercube) much better results can be obtained. This improves the measurements.  

Figure 3.15 displays this method that uses a smaller maximum f2 value, since then the performance 

improvement will be more visible when we use normalized values. For instance, if the algorithm can make an 

improvement in the box (0, 0) and (1, 200) from 160 to 180, then the normalized, also known as the relative 

hypervolume, will go from 80% to 90%. But, if we use a box (0, 0) and (1, 400) then the hypervolume will go from 

90% to 95%, which is less impressive and clear for the analysis. This method ignores all solutions that do not 

dominate the hypervolume reference point (𝑤). 

Hereafter, the focused hypercube is a hypercube that is limited around the algorithm reference point (𝑅) 

(it should not be mistaken by the above mentioned reference point). Focused hypercube can be used, because 

no solution is coming close enough to the reference point to cause a problem.  

Applying this method also eliminates some fluctuations of the performance measure diagrams. One 

example is shown in Figure 3.16, in which the above and the middle pictures are normalized using the hypercube 

method. They display the hypervolume normalized diagrams for AE-R-NSGA-II with different C values tested on 

ZDT4 in 10000 evaluation runs (1 replication), and in 20000 evaluation runs (1 replication), respectively. And, 

the lower picture is normalized using the focused hypercube method. This shows the hypervolume normalized 

diagrams in 10000 evaluation runs (10 replications). In the lower picture, the diagrams are less fluctuating, 

especially in the latest generations, when it is compared with the above pictures. In addition, it gives clearer 

results. 

Furthermore, since decision makers are usually more interested in solutions located around the algorithm 

reference point, applying this method, in which the behavior and performance of the algorithm around the 

reference point can be focused, is more reasonable.  

Besides, this method simplifies the analysis of the behavior and performance of the algorithm by 

eliminating the extra runs (or information). 

 

 

Figure 3.15: Hypercube normalization method vs. focused hypercube normalization method. 
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Figure 3.16: An example of the difference between the results obtained using the hypercube normalization method (upper and the 
middle picture) and the focused hypercube normalization method (lower picture).  

 

An alternative to assuming random C, we approximate C using  

𝜺 =  
𝑪𝒅

𝟐𝑵
  (3.6) 

from Siegmund, et al., (2012a), where 𝑁 is the population size and 𝑑 shows the Euclidean distance of solution 

from reference point R = (x1, x2). We run the algorithm assuming a value for epsilon (to this aim for example 

we assume that the decision maker has to adopt the epsilon value and obtain 𝜀1 = 0.001 in the first generation 

of the algorithm). We consider the maximum possible value of 𝑑 in this context as the worst case and calculate 

corresponding C, i.e. 

𝒅𝒎𝒂𝒙 = √(𝑴𝒂𝒙 𝒇𝟏 − 𝒙𝟏)𝟐 + (𝑴𝒂𝒙 𝒇𝟐 − 𝒙𝟐)𝟐  (3.7) 
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Where 𝑓1 and 𝑓2 are coordinates of the solution point. Theoretical maximum of 𝑓1 and 𝑓2 can be achieved by 

setting the first derivative of the test problem formula (Table 3.1) to zero (Sydsaeter & Hammond, 1995). 

However, these values are significantly higher than values obtained by the algorithm and one can replace these 

maximum values with average of maxima over several replications of the algorithm.  

We do the approximation in three stages. In each stage the algorithm results in a new solution with 

corresponding 𝑑, C and epsilon value. We recalculate C based on resulting 𝑑 and epsilon and rerun the algorithm 

so that the resulting epsilon gets closer to the assumed epsilon.  

In stage 1 we use the theoretical maximum for 𝑓1 and 𝑓2. In stage 2 we use the average of the maxima 

of 𝑓1 and 𝑓2 over multiple replications. In stage 3 we double the resulting C from stage 2. 

Results of an example with assumed epsilon 𝜀1 = 0.001,  𝜀2 = 0.1, 𝜀3 = 0.2, and 𝜀4 = 0.3 for ZDT4 and 

ZDT1 are shown in Table 4.1, and Table 4.2, respectively.  

It should be noted that in our assumptions 𝜀1 = 0.001 is selected as the representative of very small 

values of epsilon (constant epsilon) that change AE-R-NSGA-II to R-NSGA-II. 

 The second experiment 

Similarly, we tested the different distances between the reference point and the global Pareto front by 

manipulating R parameter settings. Figure 3.17 sorts the applied R settings in ZDT4 and ZDT1. In this experiment, 

preliminary evaluations, in which we tested randomly selected reference points, revealed that when the 

algorithm reference point (𝑅) is close to the middle section of the optimum Pareto front curve better results can 

be seen, otherwise the algorithm get stuks in local optimas and ignores the minimum diversity. Therefore, we 

do not recommend reference points that are biased towards the outer ends of the curve. 

On ZDT1, the reference points are selected from a line that intersects the Pareto front curve at point (0.5, 

0.2929). The line is perpendicular to the tangent line (and consequently the curve) at this point. Similarly, In 

ZDT4, the selected reference points are on a line that is perpendicular to the 𝑥 axis and crosses the Pareto front 

curve at the same point. Also, the distance between any reference point and the neighboring reference point(s) 

are equal. 
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Figure 3.17: Different distances between the reference point and the global Pareto front have been tested in ZDT1 and ZDT4 in order 
to evaluate AE-R-NSGA-II. 

 Experiment Parameters 

This section presents all key parameters of the experiments that we set to run the algorithm in this study, 

as follows. 

 The first experiment 

The preliminary evaluation: maximum number of simulations: 5000/ 10000/ 20000, number of 

replications: 1, population size: 50, number of candidates: 50, child population size: 50, number of initial 

reference points: 1, reference point: (0.5, 0), select first fronts completely: false, guidance reference points 

distance metric: ASF, cluster representative choice: best, epsilon: 0.001, adaptive epsilon: true, adaptive epsilon-

minimum value: 0.001, adaptive epsilon-coefficient: 1/ 25/ 50, adaptive epsilon-upper limit guidance reference 

point distance: 0, crossover operator for continuous variables: SBX, crossover operator for discrete variables: 

uniform crossover, crossover probability: 0.8, mutation probability: 0.07, normal distributed mutation-mutation 

size: 1, reproduction selection operator: tournament, hypercube start and end points: automatic (according to 

the best and the worst obtained solutions), initial solutions: false. 

The final evaluation: all the settings are the same as the preliminary settings, except: maximum number 

of simulations: 10000 (in ZDT4) and 5000 (in ZDT1), number of replications: 10, adaptive epsilon-coefficient: 

0.001/ 0.1/ 0.2/ 0.3, initial solutions: Latin hypercube sampling (LHS), focused hypercube start and end points: 

(0.4, 0) and (0.6, 3) in ZDT1 and (0.6, 100) and (0.4, 0) in ZDT4. 

 The second experiment 

The preliminary evaluations: all the settings are the same as the final experiments, as follows, except the 

reference point, where we set it randomly in this case. 

The final evaluation on ZDT4: maximum number of simulations: 10000, population size: 50, number of 

candidates: 50, child population size: 50, number of initial reference points: 1, reference point: (0.5, 0.2929)/ 

(0.5, -25)/ (0.5, -50)/ (0.5, -75), select first fronts completely: false, guidance reference points distance metric: 

ASF, cluster representative choice: best, epsilon: 0.001, adaptive epsilon: true, adaptive epsilon - minimum 

value: 0.001, adaptive epsilon - coefficient: 1, adaptive epsilon - upper limit guidance reference point distance: 
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0, crossover operator for continuous variables: SBX, crossover operator for discrete variables: uniform crossover, 

crossover probability: 0.8, mutation probability: 0.07, normal distributed mutation - mutation size: 1, 

reproduction selection operator: tournament, significant domination confidence.  

Moreover, we used same initial solution (LHS) as the first experiment. And, for the normalization we set 

the focused hypercube start and end point, as follows.  

Since the reference point convergence measure and the R-NSGA-II adaptive epsilon value are dependent 

to the reference point parameter, therefore, we used: (1, rounded up average of the maximum obtained f2 

value of all the experiments=219) and (0, -75).  

Since the hypervolume, hypervolume with archive, inverted generational distance, generational distance, 

spread, and population diversity measures are independent of the reference point parameter, therefore, for the 

hypervolume we used: (0,6, 100) and (0,4, 0), and for the inverted generational distance, generational distance, 

spread, and the population diversity measures we used: (0, 0) and (1, rounded up average of the maximum 

obtained f2 value of all the experiments=219) 

The final evaluations on ZDT1: all the settings are the same as above, except the maximum number of 

simulations: 5000, reference point: (0.5, 0.2929)/ (0, -0.4142)/ (-0.5, -1.1213)/ (-1, -1.8284). And, for the 

normalization we set the focused hypercube start and end point, as follows.  

We set (0.8, 3) and (-1, -2). This focused hypercube is included of all the selected reference points for this 

test problem. 
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 Results 

This section presents the results of the two experiments. The first experiment evaluates the behavior and 

performance of AE-R-NSGA-II by testing the different C parameter setting, while the second experiment tests 

the different distances between the reference point and the global Pareto front by manipulating the R parameter 

setting. 

As explained before, in this project for every single test problem we first conducted the preliminary 

evaluation in order to obtain an overall idea of the behavior and performance of the algorithm, where  different 

C/R values have been set. Then, using the preliminary results, we designed and conducted the final evaluation 

for more reliability, also finding a systematic approach for setting C/R value parameters. 

Following, Section 4.1 is divided into three parts, in which the results of the first experiment conducted 

on ZDT4, and ZDT1 are presented and followed by a summary (general conclusion). Similarly, Section 4.2 is 

divided into three parts and presents the results of the second experiment. 

It is worth noting that the abnormal behaviors and fluctuations in the generation based diagrams 

corresponding to every single measure, and the unclear order of changes in the obtained values in response to 

the setting changes, have made the analysis process very challenging. Nevertheless, applying the different 

performance measures (different perspectives) helped us to get a broader view on the behavior and 

performance of the algorithm, which led us to some promising results. 

Furthermore, in order to alleviate the difficulties and simplifying the analysis process, in some cases for 

every single measure we ignored the small fluctuations of the diagrams. In some other cases, among different 

C/R, we only compared two or three of them (for example C1 and C4 or R1 and R2), or used the (maximum, 

average, and minimum) values obtained by measures. 

Moreover, in the second experiment we ran the algorithm using the unrealistic reference points, as 

explained in Section 3.3.2, while in reality decision makers would not define a reference point with negative 

objective values from the beginning. But, since we want to control the diversity by moving the reference point, 

it could happen that negative values are chosen by them.  

In the analysis provided in this section we categorize the results into three classes based on how they 

behave among different measures: 

1. Consistent: when the results show consistent behavior among different measures. i.e. either they 

all increase or decrease simultaneously in response to changes in a certain parameter. 

2. Conflicting: when some measures increase or decrease in the opposite direction of other 

measure(s). 

3. Uninformative: when the change in measures are not monotonic therefore they are not 

comparable and provide no direct indication of behavior. 

These are presented and discussed later in Section 5.  

 The first experiment 

In Section 3.3.1, we explained how C is approximated in the final evaluation. The results of the 

approximation of 𝑑 and C are shown in Figure 4.1 and Table 4.1 for ZDT4, and Figure 4.2 and Table 4.2 for ZDT1, 

when R = (x1, x2) = (0.5, 0). 
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Figure 4.1: Approximation of the maximum distance of the farthest (worst) possible solution from the reference point (0.5, 0), 

according to the 𝐌𝐚𝐱𝐢𝐦𝐮𝐦 𝐟𝟏 and 𝐟𝟐 values (1 and 334.7891, respectively) in theory (left picture) and in practice (right picture) in ZDT4 

test problem. 

Test 

problem 
Stage 

Assumed 

Approximated 

C 

Obtained from generation 1 

Difference 
Epsilon 

Maximum 

f2 

Maximum 

d 

f2 of the 

farthest 

solution 

Epsilon 

ZDT1 

1 

0,001 10 10,0125 0,01 5,57 0,0003 -0,0007 

0,1 10 10,0125 0,9988 5,11 0,0256 -0,0744 

0,2 10 10,0125 1,9975 5,58 0,0508 -0,1492 

0,3 10 10,0125 2,9963 5,09 0,0804 -0,2196 

2 

0,001 5 5 0,02 - 0,0006 -0,0004 

0,1 5 5 2 - 0,0449 -0,0551 

0,2 5 5 4 - 0,1108 -0,0892 

0,3 5 5 6 - 0,1583 -0,1417 

3 

0,001 - - 0,04 - 0,0011 0,0001 

0,1 - - 4 - 0,1042 0,0042 

0,2 - - 8 - 0,2000 0,0000 

0,3 - - 12 - 0,3031 0,0031 

Table 4.1: Approximation of C in three stages on ZDT4 test problem. 
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Figure 4.2: Approximation of the maximum distance of the farthest (worst) possible solution from the reference point (0.5, 0), 

according to the 𝐌𝐚𝐱𝐢𝐦𝐮𝐦 𝐟𝟏  and 𝐟𝟐 values (1 and 10, respectively) in theory (left picture) and in practice (right picture) in ZDT1 test 

problem. 

Test 

problem 
stage 

Assumed 

Approximated 

C 

Obtained from generation 1 

Difference 

Epsilon 
Maximum 

f2 

Maximum 

d 

f2 of the 

farthest 

solution 

Epsilon 

ZDT1 

1 

0,001 334,7891 334,7895 0,0003 216 0,0003 -0,0007 

0,1 334,7891 334,7895 0,0299 207 0,0235 -0,0765 

0,2 334,7891 334,7895 0,0597 222 0,0446 -0,1554 

0,3 334,7891 334,7895 0,0896 242 0,0839 -0,2161 

2 

0,001 222 222 0,0005 - 0,0005 -0,0005 

0,1 222 222 0,045 - 0,0344 -0,0656 

0,2 222 222 0,0901 - 0,0906 -0,1094 

0,3 222 222 0,1351 - 0,1135 -0,1865 

3 

0,001 - - 0,001 - 0,0011 0,0001 

0,1 - - 0,09 - 0,0984 -0,0016 

0,2 - - 0,1802 - 0,1737 -0,0263 

0,3 - - 0,2702 - 0,1950 -0,1050 

Table 4.2: Approximation of C in three stages on the ZDT1 test problem. 

Next, we present the results of the first experiment (including the preliminary and final evaluations) 

through analysis using the different performance measures.  

It is worth noting that because of our limitations and the practical matters, Section 4.1.2 includes only the 

final evaluations and analysis of 1 replication of the algorithm, instead of 10.  

 The first experiment on ZDT4 test problem 

Hypervolume (HV) measure analysis– Preliminary: in Figure 4.3 AE-R-NSGA-II outperforms R-NSGA-II 

diagram by achieving higher values, especially when C1=1 has been set. By increasing the C from C1=1 to C2=25 

the second diagram degrades, while from C2=25 to C3=50 the third diagram obtains higher values. It can be seen 

after 25 generations. A comparison between C1=1 and C3=50, shows that the latter obtains higher values after 
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52 generations. In the upper picture C1=1 is above the others, while in the lower picture C3=50 is above the 

others. In the lower picture, the highest values are achieved by C3=50. 

In Table 4.3, AE-R-NSGA-II outperforms R-NSGA-II in most cases, where it obtains higher values. For 

instance, for the max., R-NSGA-II obtains 217.7367 and AE-R-NSGA-II obtains 258.4387, when C1=1 is set. For 

norm. max., AE-R-NSGA-II obtains max. value when C3=50 is set. Between all the settings, AE-R-NSGA-II achieves 

the best average value, when C1=1 . 

We also tested the algorithm in 10000 and 20000 runs. For instance, Figure 4.4, and Table 4.4 show the 

results of 20000 runs. These reveal that in long run the diagrams degrade after obtaining the best value in the 

peak. It can be seen after 236 generations of the algorithm. The same result can be seen after 144 generation in 

10000 runs. In 20000 runs C3=50 diagram, and in 10000 runs C2=25 diagram obtain higher values. In 20000 and 

10000 runs C3=50 diagram is smoother, while having less fluctuations. It also does not degrade after obtaining 

the peak. The point in which the diagrams stabilize is where the solutions are converged to the reference point. 

It can be seen after the first generations of the algorithm. In 20000 runs, C3=50 obtains the best max. and avg. 

value, and C1=1 obtains the best nor. max. and nor. avg. values. In 10000 runs evaluations C2=25 obtains the 

best max. value, and C1=1 obtains the best avg. value. 

 

Figure 4.3: HV diagrams for R-NSGA-II and AE-R-NSGA-II in 5000 evaluation runs (1 replication).  

Value Setting 
Hypervolume 

Maximum value Average value Minimum value 

Non-normalized 

R-NSGA-II 217,7367 199,7841 113,7451 

AE-R-NSGA, C1=1 258,4387 246,3422 146,7204 

AE-R-NSGA, C2=25 237,2206 225,0427 139,2597 

AE-R-NSGA, C3=50 243,3500 228,3652 140,8395 

Normalized 

R-NSGA-II 0,9665 0,8868 0,5049 

AE-R-NSGA, C1=1 0,9871 0,9409 0,5604 

AE-R-NSGA, C2=25 0,9746 0,9245 0,5721 

AE-R-NSGA, C3=50 0,9893 0,9284 0,5726 

Table 4.3: A comparison between the obtained (maximum, average & minimum) HV for R-NSGA-II and AE-R-NSGA-II in 5000 evaluation 

runs (1 replication).  
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Figure 4.4: HV diagrams for AE-R-NSGA-II in 20000 evaluation runs (1 replication). 

Value Setting 
Hypervolume 

Maximum value Average value Minimum value 

Non-normalized 

C1=1 214,4559 204,2578 99,5625 

C2=25 230,7644 197,5372 8,1234 

C3=50 233,3665 206,4042 127,3249 

Normalized 

C1=1 0,9951 0,9477 0,4620 

C2=25 0,9948 0,8515 0,0350 

C3=50 0,9924 0,8777 0,5415 

Table 4.4: A comparison between the obtained (maximum, average & minimum) HV for AE-R-NSGA-II in 20000 evaluation runs (1 

replication). 

R-NSGA-II adaptive epsilon value (AE) analysis - Preliminary: in Figure 4.5, increasing the C obviously 

influences the diagrams. Also, when C1=1 is set the AE diagram is close to R-NSGA-II diagram. This shows that in 

this case AE-R-NSGA-II works like R-NSGA-II. Furthermore, the setting changes has higher influence in the 

beginning generations of the algorithm (first 50 generations). Some fluctuations can be seen, for example in 

generation 27 to 52 when C3=50 is set. Possible reasons are discussed in Section 4.1.3. As some more examples, 

Table 4.5, shows the same result. Also, more evaluation in 10000 and 20000 runs of the algorithm show the 

same results. Figure 4.6 and Table 4.6 show the results of 20000 runs. 
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Figure 4.5: Generation based AE diagrams for R-NSGA-II and AE-R-NSGA-II in 5000 evaluation runs (1 replication).  

Value Setting 
R-NSGA-II adaptive epsilon 

Maximum value Average value Minimum value 

Non-normalized 

R-NSGA-II 1,0374 0,2226 0,0759 

AE-R-NSGA-II, C1=1 0,9557 0,1307 0,0248 

AE-R-NSGA-II, C2=25 17,9502 3,7904 1,3758 

AE-R-NSGA-II, C3=50 51,7511 7,6743 0,9962 

Normalized 

R-NSGA-II 0,0045 0,0024 0,0004 

AE-R-NSGA-II, C1=1 0,0040 0,0014 0,0001 

AE-R-NSGA-II, C2=25 0,1084 0,0381 0,0077 

AE-R-NSGA-II, C3=50 0,2385 0,0660 0,0063 

Table 4.5: A comparison between the obtained (maximum, average & minimum) AE value for R-NSGA-II and AE-R-NSGA-II in 5000 
evaluation runs (1 replication). 

 

Figure 4.6: Generation based AE diagrams for AE-R-NSGA-II in 20000 evaluation runs (1 replication). 

Value Setting 
R-NSGA-II Adaptive epsilon 

Maximum value Average value Minimum value 

Non-normalized 

C1=1 0,6804 0,0681 0,0067 

C2=25 20,5649 1,3460 0,0949 

C3=50 34,3229 3,2560 0,3035 

Normalized 

C1=1 0,0038 0,0007 0,0000 

C2=25 0,0984 0,0152 0,0005 

C3=50 0,2371 0,0410 0,0014 
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Table 4.6: A comparison between the obtained (maximum, average & minimum) AE value for AE-R-NSGA-II in 20000 evaluation runs (1 
replication). 

Graphical presentation (GP) of the obtained solutions analysis - Preliminary: Figure 4.7 shows the GP of 

the obtained solutions. Figure 4.8 shows the obtained non-dominated solutions. Figure 4.9 shows the obtained 

solutions in a frame (zoom) limited between 𝑓1 ∈ [0.0, 1.0] and 𝑓2 ∈  [0.0, 5.0], in which only the close vicinity 

of the reference point is shown. And, Figure 4.10 shows the same frame for non-dominated solutions. Also, the 

reference point (0.5, 0) is specified by an asterisk (×). Note that in some figures the software does not plots the 

reference point in correct place. Reader needs to note the actual reference point point mentioned in the text. 

Figure 4.7 shows that in 20000 runs by increasing C the solutions bias towards the left side of the reference 

point. The same result is shown by Figure 4.8, in which the non-dominated solutions are biased. Figure 4.9 also 

shows the same results. Furthermore, it reveals that by increasing the C, the diversity decreases on the local 

fronts, too. While we expect that the diversity increases. This effect is discussed next in Section 4.1.3. 

Figure 4.10, shows the same results on the obtained optimal Pareto front. 

In further evaluations, we found the same results in 10000 runs, but no clear results in 5000 runs.  

 

Figure 4.7: GP of the obtained solutions in 20000 evaluation runs of AE-R-NSGA-II. The obtained solutions are distinguished by a color 
range from red to green. From the first to the last generation the solutions color gradually changes from red to green. 

 

Figure 4.8: GP of the obtained non-dominated solutions in 20000 evaluation runs of AE-R-NSGA-II.  

 

C1=1 C2=25 C3=50 

C1=1 

C1=1 

C2=25 

C2=25 

C3=50 

C3=50 
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Figure 4.9: GP of the obtained solutions in a limited frame (zoom) that only shows solutions located in the close vicinity of the reference 

point (0.5, 0) for AE-R-NSGA-II in 20000 evaluation runs. 

 

Figure 4.10: GP of the obtained non-dominated solutions in a limited frame (zoom) that only shows solutions located in the close vicinity 

of the reference point (0.5, 0) for AE-R-NSGA-II in 20000 evaluation runs. 

The rest of this section presents the results of the final evaluation. 

Hypervolume measure analysis (HV): we can see in Figure 4.11 that changes in C setting influence the 

diagrams, especially before convergence of the solutions to the optimal Pareto front. Also, the upper picture 

shows that the diagrams degrade in the latest generations (after generation 150). As in preliminary evaluation, 

in long run the diagrams degrade after obtaining the best value in the peak. 

Further, C1 diagram is above the other diagrams in most generations., therfore it exhibits better 

performance, because this measure quantifies the algorithm performance in terms of diversity and convergence 

at the same time, as mentioned before in Section 3.2.3. 

We ignore C2 and C3 (because of the fluctuations) and just compare C1 and C4, in which C4 is always 

below C1 in all generations of the algorithm, especially before convergence of the solutions to the Pareto front 

(generation 1 to 150). In other words, increasing the C reduces the HV in this case therefore it corresponds to 

lower performance.  

We can see in Table 4.7 that increasing the C monotonically decreases the nor. max. obtained value. Also, 

there is no clear order for the rest of the values. 

 

Figure 4.11: HV diagrams for AE-R-NSGA-II in 10000 evaluation runs (10 replications). 
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Value Setting 
Hypervolume 

Maximum value Average value Minimum value 

Non-normalized 

C1=0.001 57,6489 48,7663 0,0000 

C2=0.09 57,8260 49,1714 0,0000 

C3=0.1802 57,2371 49,0278 0,0000 

C4=0.2702 58,0443 49,2518 0,0000 

Normalized 

C1=0.001 0,9821 0,8648 0,0000 

C2=0.09 0,9812 0,8663 0,0000 

C3=0.1802 0,9769 0,8552 0,0000 

C4=0.2702 0,9785 0,8506 0,0000 

Table 4.7: A comparison between the obtained (maximum, average & minimum) HV for AE-R-NSGA-II in 10000 evaluation runs (10 
replications). 

Hypervolume with archive (HVA) measure analysis: Figure 4.12, reveals that changes in the setting 

influence the diagrams, especially before convergence of the obtained solutions to the optimal Pareto front.  

We ignore C2 and C3 and just compare C1 and C4, where C4 is above C1. In other words, increasing the C 

degrades the diagram (corresponds to lower performance), and C1 shows the best performance among the 

other diagrams. 

Moreover, Table 4.8 shows the same result, where by increasing C form C1 to C3, the max. obtained value 

decreases monotonically. Also, among C1 and C4, the first one obtains higher value. Besides, by increasing C 

from C1 to C4, the obtained avg. value reduces. 

 

Figure 4.12: HVA diagrams for AE-R-NSGA-II in 10000 evaluation runs (10 replications). 

Value Setting 
Hypervolume with archive 

Maximum value Average value Minimum value 

Non-normalized 

C1=0.001 58,4995 50,9034 0,0000 

C2=0.09 58,5180 50,7196 0,0000 

C3=0.1802 58,2277 50,2376 0,0000 

C4=0.2702 58,3623 50,1316 0,0000 

Normalized 

C1=0.001 0,9823 0,8767 0,0000 

C2=0.09 0,9815 0,8806 0,0000 

C3=0.1802 0,9781 0,8691 0,0000 

C4=0.2702 0,9786 0,8647 0,0000 
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Table 4.8: A comparison between the obtained (maximum, average & minimum) HVA for AE-R-NSGA-II in 10000 evaluation runs (10 
replications). 

R-NSGA-II adaptive epsilon value analysis: Figure 4.13, and Table 4.9 show the same results as presented 

for this measure in the preliminary evaluation. 

 

Figure 4.13: AE diagrams for AE-R-NSGA-II in 10000 evaluation runs (10 replications). 

Value Setting 
R-NSGA-II adaptive epsilon 

Maximum value Average value Minimum value 

Non-normalized 

C1=0.001 0,0007 0,0001 0,0000 

C2=0.09 0,0655 0,0093 0,0015 

C3=0.1802 0,1311 0,0202 0,0036 

C4=0.2702 0,1966 0,0316 0,0051 

Normalized 

C1=0.001 0,00001 0,00000 0,00000 

C2=0.09 0,00100 0,00032 0,00006 

C3=0.1802 0,00201 0,00073 0,00008 

C4=0.2702 0,00301 0,00102 0,00011 

Table 4.9: A comparison between the obtained (maximum, average & minimum) AE for AE-R-NSGA-II in 10000 evaluation runs (10 
replications). 

Graphical presentation (GP) of the obtained solutions analysis: the upper set of pictures in Figure 4.14 

shows the GP of the obtained solutions and the lower set shows the GP of the obtained non-dominated 

solutions. In the upper set, the obtained solutions are distinguished by a color range from red to green. From 

the first to the last generation the solutions color gradually changes from red to green. Figure 4.15 shows the 

GP of the obtained solutions in three sets of figures.  

From top to down, three different frames (zooms) that only show solutions located in a close vicinity of 

the selected reference point (0.5, 0) are shown. The other solutions out of the frame cannot be seen.  The first 

frame (zoom 1) shows solutions located between  𝑓1 ∈ [0.0, 1.0] and 𝑓2 ∈ [0.0, 40.0], the second frame (zoom 

2) limits the 𝑓2 value to 𝑓2 ∈ [0.0, 20.0], and the third frame (zoom 3) limits the 𝑓2 value to 𝑓2 ∈ [0.0, 10.0]. 

And, Figure 4.16 shows the GP of the obtained non-dominated solutions in the same sets of pictures. 

Additionally, since we have not the possibility to summarize all 10 replications of any single setting (for 

example C1) in one picture, therefore, we select one of them for analysis. 
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The figures reveal the same results as mentioned for the preliminary evaluation.  

 

Figure 4.14: GP of the obtained solutions for AE-R-NSGA-II in 10000 evaluation runs (1 replication). In the upper set, the obtained 

solutions are distinguished by a color range from red to green. From the first to the last generation the solutions color gradually changes from 

red to green. 

 

C1=0.001 

C1=0.001 

C2=0.09 

C2=0.09 C3=0.1802 

C3=0.1802 C4=0.2702 

C4=0.2702 

C1=0.001 C2=0.09 C3=0.1802 C4=0.2702 

C1=0.001 

C1=0.001 

C2=0.09 

C2=0.09 

C3=0.1802 

C3=0.1802 
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Graphical presentation of the obtained solutions: ZOOM 1 (𝑓1 ∈ [0.0, 1.0] and 𝑓2 ∈ [0.0, 40.0]) 

Graphical presentation of the obtained solutions: ZOOM 2 (𝑓1 ∈ [0.0, 1.0] and 𝑓2 ∈ [0.0, 20.0]) 

Graphical presentation of the obtained solutions: ZOOM 3 (𝑓1 ∈ [0.0, 1.0] and 𝑓2 ∈ [0.0, 10.0]) 

Graphical presentation of the obtained solutions in 10000 evaluation runs on ZDT4 test problem (1 replication). 

Graphical presentation of the obtained non-dominated solutions in 10000 evaluation runs on ZDT4 test problem (1 replication). 
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Figure 4.15: GP of the obtained solutions in three different frames (zoom) for AE-R-NSGA-II in 10000 evaluation runs (1 replication). 
From top to down, three different frames (zoom) that only show solutions located in a close vicinity of the selected reference point (0.5, 0) are 
shown. The other solutions out of the frame cannot be seen. 

 

Figure 4.16: GP of the obtained non-dominated solutions in three different frames (zoom) for AE-R-NSGA-II in 10000 evaluation runs (1 
replication). From top to down, three different frames (zoom) that only show solutions located in a close vicinity of the selected reference point 
(0.5, 0) are shown. The other solutions out of the frame cannot be seen. 

Inverted generational distance (IGD) measure analysis: Figure 4.17 shows that setting changes influence 

the diagrams especially in generation 31 to 116 when the solutions are converging to the reference point after 

convergence to the optimal Pareto front. Also, Table 4.10 reveals that by increasing C form C1 to C4, the nor. 

max. value reduces monotonically. 
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Graphical presentation of the obtained non-dominated solutions: ZOOM 1 (𝑓1 ∈ [0.0,1.0] and 𝑓2 ∈ [0.0,40.0]) 

Graphical presentation of the obtained non-dominated solutions: ZOOM 2 (𝑓1 ∈ [0.0,1.0] and 𝑓2 ∈ [0.0,20.0]) 

Graphical presentation of the obtained non-dominated solutions: ZOOM 3 (𝑓1 ∈ [0.0,1.0] and 𝑓2 ∈ [0.0,10.0]) 
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Figure 4.17: IGD diagrams for AE-R-NSGA-II in 10000 evaluation runs (10 replications). 

Value Setting 
Inverted generational distance 

Maximum value Average value Minimum value 

Non-normalized 

C1=0.001 2630,8570 116,9448 8,1649 

C2=0.09 2424,8514 132,7088 5,1820 

C3=0.1802 2838,7853 121,0863 6,6664 

C4=0.2702 1595,5754 113,2708 4,7960 

Normalized 

C1=0.001 64,6299 3,0310 0,3610 

C2=0.09 60,6565 3,2713 0,5045 

C3=0.1802 46,8795 3,0658 0,5939 

C4=0.2702 30,0350 2,8271 0,3229 

Table 4.10: A comparison between the obtained (maximum, average & minimum) IGD value for AE-R-NSGA-II in 10000 evaluation runs 
(10 replications). 

Convergence or generational distance (GD) measure analysis: Figure 4.18 (especially the upper picture) 

shows that changes in C setting influence the diagrams (after generation 55), particularly after convergence of 

the obtained solutions to the optimal Pareto front. It can be seen in the time that solutions are still converging 

to the reference point (generation 55 to 126). Table 4.11 is not informative in this case to show a clear order of 

changes. 

 



 

 

64 

 

Figure 4.18: GD for AE-R-NSGA-II in10000 evaluation runs (10 replications). 

Value Setting 
Convergence or generational distance 

Maximum value Average value Minimum value 

Non-normalized 

C1=0.001 30,1634 8,8549 1,2009 

C2=0.09 33,4400 9,2968 1,8215 

C3=0.1802 30,6655 8,8343 2,2083 

C4=0.2702 36,2470 9,6863 1,3232 

Normalized 

C1=0.001 0,5892 0,1970 0,0843 

C2=0.09 0,5892 0,1994 0,0768 

C3=0.1802 0,5892 0,1883 0,0914 

C4=0.2702 0,5892 0,1892 0,0866 

Table 4.11: A comparison between the obtained (maximum, average & minimum) GD value for AE-R-NSGA-II in 10000 evaluation runs 
(10 replications). 

Reference point convergence measure (RPC) analysis: Figure 4.19 (especially the upper picture) reveals 

that setting changes influence the diagrams. In particular, in generation 1 to 100 when the solutions are still 

converging to the reference point. We ignore C2 and C3 to compare C1 and C4, in which C4 diagram is above 

the other one in most generations. It is equal to the lower speed of convergence to the reference point for C4. 

Similarly, Table 4.12, shows that increasing the C increases the avg. obtained value in order. 
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Figure 4.19: RPC for AE-R-NSGA-II in 10000 evaluation runs (10 replications). 

Value 
Setting 

 

Reference point convergence 

Maximum value Average value Minimum value 

Non-normalized 

C1=0.001 138,8341 18,4888 2,1616 

C2=0.09 138,8341 18,2524 2,2329 

C3=0.1802 138,8341 19,3032 2,8107 

C4=0.2702 138,8341 20,5183 2,4739 

Normalized 

C1=0.001 1,7611 0,9946 0,4198 

C2=0.09 1,7611 1,0142 0,6385 

C3=0.1802 1,7611 1,1115 0,5266 

C4=0.2702 1,7611 1,1248 0,4769 

Table 4.12: A comparison between the obtained (maximum, average & minimum) RPC value for AE-R-NSGA-II in 10000 evaluation runs 
(10 replications). 

Spread measure analysis: Figure 4.20, and Table 4.13 are uninformative in this case, because of the 

fluctuations of the diagrams and unclear order of changes in the obtained values. 
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Figure 4.20: Spread for AE-R-NSGA-II in 10000 evaluation runs (10 replications). 

Value Setting 
Spread 

Maximum value Average value Minimum value 

Non-normalized 

C1=0.001 1,5216 1,1819 0,6974 

C2=0.09 1,4848 1,1644 0,7227 

C3=0.1802 1,5065 1,2486 0,6634 

C4=0.2702 1,6115 1,1936 0,7081 

Normalized 

C1=0.001 1,0431 0,9530 0,7304 

C2=0.09 1,0293 0,9407 0,8409 

C3=0.1802 1,0513 0,9555 0,8138 

C4=0.2702 1,0776 0,9596 0,8007 

Table 4.13: A comparison between the obtained (maximum, average & minimum) spread value for AE-R-NSGA-II in 10000 evaluation 
runs (10 replications). 

Population diversity (PD) measure analysis: in Figure 4.21, we compare C1 and C4 (and ignore the other 

diagrams), therefore, the upper picture reveals that after 60 generations when the solutions are converged to 

the optimal Pareto front, C4 moves above C1. In other words, increasing C increases the population diversity. 

The lower picture shows the same result after 130 generations of the algorithm. Table 4.14, is uninformative in 

this case. 
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Figure 4.21: PD for AE-R-NSGA-II in 10000 evaluation runs (10 replications). 

Value Setting 
Population diversity 

Maximum value Average value Minimum value 

Non-normalized 

C1=0.001 6,8166 3,4021 1,3817 

C2=0.09 6,5174 3,7646 1,7566 

C3=0.1802 6,6466 3,5763 1,6805 

C4=0.2702 6,3194 3,7151 1,5904 

Normalized 

C1=0.001 0,4542 0,1583 0,1098 

C2=0.09 0,4542 0,1688 0,1165 

C3=0.1802 0,4542 0,1610 0,1191 

C4=0.2702 0,4542 0,1688 0,1093 

Table 4.14: A comparison between the obtained (maximum, average & minimum) PD for AE-R-NSGA-II in 10000 evaluation runs (10 
replications). 

Individual objective (f1 value) measure analysis: because of the practical matters, we have not been able 

to extract the corresponding data of this measure at the time of writing the report. 

 The first experiment on ZDT1 test problem  

Hypervolume (HV) measure analysis: Figure 4.22 shows that setting changes influence the diagrams, 

especially in the convergence of the obtained solutions to the optimal Pareto front. Also, increasing C increases 

the HV, in particular in generation 8 to 50, where C4 is above the other diagrams. After that there is no big 

difference between the diagrams if we ignore the fluctuations. But, in case we compare C1 and C4 and ignore 

the other diagrams, it is clear that the latter is above the other. In other words, increasing the C increases HV.  

Moreover, Table 4.15 reveals that increasing C monotonically increases the max. obtained value in 

order. And, if we ignore C3, all the (max., avg., and min.) values increase correspondingly. 
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Figure 4.22: HV diagrams for AE-R-NSGA-II in 5000 evaluation runs (1 replication). 

Value Setting 
Hypervolume 

Maximum value Average value Minimum value 

Non-normalized 

C1=0.04 4,9456 3,2457 0,4372 

C2=4 4,9767 3,4263 0,7575 

C3=8 5,3039 3,3933 0,0000 

C4=12 5,6136 3,6884 1,9633 

Normalized 

C1=0.04 - - - 

C2=4 - - - 

C3=8 - - - 

C4=12 - - - 

Table 4.15: A comparison between the obtained (maximum, average & minimum) HV for AE-R-NSGA-II in 5000 evaluation runs (1 
replication). 

R-NSGA-II adaptive epsilon value (AE) analysis: Figure 4.23 and Table 4.16 show the same results for this 

measure, as presented before in Section 4.1.1. 

 

Figure 4.23: AE diagrams for AE-R-NSGA-II in 5000 evaluation runs (1 replication). 

Value Setting 
R-NSGA-II adaptive epsilon 

Maximum value Average value Minimum value 

Non-normalized 

C1=0.04 0,0011 0,0002 0,0001 

C2=4 0,1042 0,0158 0,0098 

C3=8 0,2000 0,0294 0,0196 

C4=12 0,3031 0,0457 0,0295 

Normalized 

C1=0.04 - - - 

C2=4 - - - 

C3=8 - - - 

C4=12 - - - 

Table 4.16: A comparison between the obtained (maximum, average & minimum) AE for AE-R-NSGA-II in 5000 evaluation runs (1 
replication). 
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Graphical presentation (GP) of the obtained solutions analysis: Figure 4.24, Figure 4.25, Figure 4.26, and 

Figure 4.27 are sorted in the same order as presented for this measure (final evaluation) in Section 4.1.1. The 

difference is that in the last two figures, the first frame (zoom 1) shows solutions located between  𝑓1 ∈

[0.0, 1.0] and 𝑓2 ∈ [0.0, 2.0], the second frame (zoom 2) limits the 𝑓2 value to 𝑓2 ∈ [0.0, 1.0], and the third 

frame (zoom 3) limits the 𝑓2 value to 𝑓2 ∈ [0.0, 0.5].  

As it can be seen in the figures, changes in the setting do not reveal a clear influence in this case. 

 

Figure 4.24: GP of the obtained solutions for AE-R-NSGA-II in 5000 evaluation runs (1 replication). The obtained solutions are 
distinguished by a color range from red to green. From the first to the last generation the solutions color gradually changes from red to green. 

 

Figure 4.25: GP of the obtained non-dominated solutions for AE-R-NSGA-II in 5000 evaluation runs (1 replication). 

 

Graphical presentation of the obtained solutions (non-normalized) in 5000 evaluation runs on ZDT1 test problem (1 replication). 

Graphical presentation of the obtained solutions (normalized) in 5000 evaluation runs on ZDT1 test problem (1 replication). 

C1=0.04 C2=4 C3=8 C4=12 

C1=0.04 C2=4 C3=8 C4=12 

Graphical presentation of the obtained non-dominated solutions (non-normalized) in 5000 evaluation runs on ZDT1 test problem (1 replication). 

Graphical presentation of the obtained non-dominated solutions (normalized) in 5000 evaluation runs on ZDT1 test problem (1 replication). 

C1=0.04 C2=4 C3=8 C4=12 

C1=0.04 C2=4 C3=8 C4=12 
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Figure 4.26: GP of the obtained solutions in three different frames (zoom) for AE-R-NSGA-II in 5000 evaluation runs (1 replication). From 
top to down, three different frames (zoom) that only show solutions located in a close vicinity of the selected reference point (0.5, 0) are shown. 
The other solutions out of the frame cannot be seen. 

Graphical presentation of the obtained solutions: ZOOM 1 (𝑓1 ∈ [0.0,1.0] and 𝑓2 ∈ [0.0, 2.0]) 

Graphical presentation of the obtained solutions: ZOOM 2 (𝑓1 ∈ [0.0,1.0] and 𝑓2 ∈ [0.0, 1.0]) 

Graphical presentation of the obtained solutions: ZOOM 3 (𝑓1 ∈ [0.0,1.0] and 𝑓2 ∈ [0.0, 0.5]) 

C1=0.04 

C1=0.04 

C1=0.04 

C2=4 

C2=4 

C2=4 

C3=8 

C3=8 

C3=8 

C4=12 

C4=12 

C4=12 
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Figure 4.27: GP of the obtained non-dominated solutions in three different frames (zoom) for AE-R-NSGA-II in 5000 evaluation runs (1 
replication). From top to down, three different frames (zoom) that only show solutions located in a close vicinity of the selected reference point 
(0.5, 0) are shown. The other solutions out of the frame cannot be seen. 

Reference point convergence (RPC) measure analysis: Figure 4.28 reveals that the setting changes influence 

the diagrams especially until generation 50, where the solutions are converging to the reference point. We 

ignore C2 and C3 and just compare C1 and C4, in which the latter is above the other in most generations. In 

other words, increasing C decreases the speed of convergence to the reference point. Table 4.17, is 

uninformative in this case. 

Graphical presentation of the obtained non-dominated solutions: ZOOM 1 (𝑓1 ∈ [0.0,1.0] and 𝑓2 ∈ [0.0, 2.0]) 

Graphical presentation of the obtained non-dominated solutions: ZOOM 2 (𝑓1 ∈ [0.0,1.0] and 𝑓2 ∈ [0.0, 1.0]) 

Graphical presentation of the obtained non-dominated solutions: ZOOM 3 (𝑓1 ∈ [0.0,1.0] and 𝑓2 ∈ [0.0, 0.5]) 
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Figure 4.28: RPC for AE-R-NSGA-II in 5000 evaluation runs (1 replication). 

Value Experiment 
Reference point convergence 

Maximum value Average value Minimum value 

Non-normalized 

C1=0.04 3,3546 0,4626 0,2469 

C2=4 3,4784 0,4923 0,2492 

C3=8 3,2178 0,4648 0,2471 

C4=12 3,3731 0,4775 0,2482 

Normalized 

C1=0.04 - - - 

C2=4 - - - 

C3=8 - - - 

C4=12 - - - 

Table 4.17: A comparison between the obtained (maximum, average & minimum) RPC value for AE-R-NSGA-II in 5000 evaluation runs 
(1 replication). 

Individual objective (f1 value) measure analysis: Figure 4.29 clarifies that changes in the setting influence 

this measure after convergence of the obtained solutions to the optimal Pareto front. In particular, in generation 

2000 to 5000, in which f1 converges faster by increasing C.  
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Figure 4.29: Individual objective (f1 value) performance measure diagrams for AE-R-NSGA-II in 5000 evaluation runs (1 replication). 

 Summary of the first experiment on ZDT4 and ZDT1 

This section presents and discusses the most important results that we obtained in the analysis of the first 

experiment, as follows. 

 

In ZDT4: the influence of different C parameter settings can be seen on the behavior and performance of 

the algorithm in terms of convergence of the obtained solutions to the optimal Pareto front (and to the reference 

point), and the diversity. In theory, it is expected that increasing or decreasing C parameter will be followed by 

a regular increase or decrease in analysis diagrams. But in reality, except AE, the rest of the measures do not 

show such a clear order. In ZDT1: the results are similar, but, there is one exception, when the influence on the 

diversity cannot be seen clearly on this test problem. 

 

C1= 0.04 

C2= 4 

C3= 8 

C4= 12 
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In ZDT4: by ignoring the abnormal behavior and fluctuations, some regular changes can be seen on the HV, 

HVA, RPC, and the PD diagrams or the corresponding obtained (max., avg. and min.) values. In ZDT1: the regular 

changes only can be observed in HV and RPC diagrams. 

 

In ZDT4: by ignoring the abnormal behavior and fluctuations, the influence of the different settings on the 

convergence of the obtained solutions to the optimal Pareto front can be seen using HV, HVA, and AE. In ZDT1: 

the influence can be seen using HV and AE measures. 

 

In ZDT4: by ignoring the abnormal behavior and fluctuations, the influence of the different settings on the 

convergence of the obtained solutions to the reference point can be seen using the IGD, convergence, and RPC 

measures. In ZDT1: the influence only can be seen using RPC. 

 

In ZDT4: regarding the influence of the setting changes on the diversity of the obtained solutions, PD 

measure and GP of the obtained solutions are informative in this case, where they reveal conflicting results. The 

rest of the measures are uninformative in this case.  

GP of the obtained solutions reveal that by increasing C from C1 to C4, solutions bias towards the left side 

of the selected reference point (0.5, 0). Moreover, diversity of the obtained solutions in general, on the local 

Pareto fronts and optimal Pareto front in particular, decreases.  

We expect that the diversity increases in this case. Because, in line with Formula 4-4 (𝜺 =  
𝑪𝒅

𝟏𝟎𝟎
), as in 

(Siegmund, et al., 2012a), increasing C increases ε when the distance (𝑑) is constant. Besides, by considering the 

previous studies in (Deb, et al., 2006b) (Siegmund, et al., 2012a) (Siegmund, et al., 2012b), we expect that by 

increasing the epsilon value the diversity of the obtained solutions, especially on the obtained frontier increases 

too and vice versa.  

Although, using AE diagrams we found that increasing C directly affects the adaptive epsilon value but in 

contrast, from the GP of the obtained solutions we deduce that changing C from very small to very high values  

reduces the diversity, and vice versa.  

In contrary, PD measure reveals an effect that we expect. PD increases in general, especially after 

convergence of the obtained solutions to the optimal Pareto front.  

In the following we briefly present some of the possible reasons for the unexpected opposite effect and the 

biased solutions:  

1. As we already discussed in Section 2.4, despite all improvements, AE-R-NSGA-II still has some drawbacks, 

which indeed are inherited from the original R-NSGA-II. In a single loop of selection, the algorithm is able to 

preserve the minimum diversity of solutions. But, in case the algorithm has to select the solutions in more 

than one loop, it does not preserve the minimum diversity in several runs.  

In this case, after investigating all fronts in a single loop if the algorithm does not obtain the assumed 

number of solutions, it preforms extra selection loops starting from the first front again until reaching the 

desired number of solutions. Therefore, the minimum diversity cannot be preserved. Setting high values for 

C may cause this issue and put the algorithm in the iterative loop, in which it ignores the diversity.  

2. As we explained before in Section 3.3.1, we tested different ranges of C in the preliminary and final 

evaluations, in which in the latter we used very small values. For example we used 50 in the preliminary and 

used 0.001 in the final evaluation. Nevertheless, both of the evaluations show the same results when we 

use GP of the obtained solutions, and some other measures such as, AE and HV. These can be interpreted, 

as follows:  
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a. Probably the selected C values of the final evaluation still have been unreasonably big values for 

the algorithm that resulted in the opposite performance. Smaller C should have been selected. 

b.  It is likely that  it does not matter how big or small C is. Any value would show the same results and 

would not change this behavior of the algorithm. Despite all previous studies, the algorithm works 

in the opposite way of our expectations. 

c. There have been some coding errors in the algorithm in the study. 

d. There have been some coding errors in the measures in the study. 

In ZDT1: GP of the obtained solutions (in combination with other measures) reveals that increasing C from C1 to 

C4, cannot influence the obtained solutions, and the diversity in this case. 

 

In ZDT4: applying the HV and HVA measures reveal that in the long run, for every single selected C the 

corresponding diagram fluctuates and degrades after obtaining the best value in the peak. In other words, by 

increasing C, the obtained maximum value reduces correspondingly.  

Actually, after the algorithm obtains the best diversity and the best distance to the global Pareto front, 

extra runs put it in the iterative loop, in which it ignores the diversity. In other words, the extra evaluation runs 

degrade the diversity, where this also degrades the HV diagram. Therefore, in order to avoid this effect, we 

recommend around 5000 evaluation runs in this case. The best performance of the algorithm can be seen when 

C1=0.001 is set. In ZDT1: applying the HV measure (not HVA) reveals that by increasing C, the obtained maximum 

value increases correspondingly. The best performance of the algorithm can be observed when C4= 12 is set. 

 

In ZDT4: Increasing C parameter directly influences the AE value in similar fashion. In ZDT1: the same 

influence can be seen. 

 

In ZDT4: from the above two points we can conclude that increasing C, consequently the adaptive epsilon 

value, degrades the algorithm performance. In ZDT1: changes in the setting improve the algorithm performance. 

Therefore, it is difficult to make a general conclusion in this case. 

 

In ZDT4: when we set very small C for AE-R-NSGA-II, it works like R-NSGA-II. In other words, the adaptive 

epsilon value changes to the static epsilon value in this situation after the beginning generations of the 

algorithm. Therefore, by considering the previously mentioned points, it can be concluded that unreasonable 

increase of the C value changes the algorithm's behavior in a way that degrades the performance. Smaller C 

values (around 0.001) are recommended in this case. 

As we explained in Section 3.2.3, HV measure encapsulates the measure of the spread of solutions along 

the Pareto front, as well as the distance of the set from the Pareto-optimal front in a single unary value 

(Bradstreet, 2011). Additionally, between two algorithms, the one with the largest value of the HV has a better 

performance (Deb, 2001). Therefore, considering the HV diagrams, it can be concluded that AE-R-NSGA-II 

outperforms its predecessor, in terms of performance. 

 

In ZDT4: we found that increasing C reduces the speed of convergence of the obtained solutions to the 

reference point. In ZDT1: we found the same result in this case. 

 

In ZDT1:  increasing C result in the faster convergence of f1 value, especially after convergence of the 

obtained solutions to the optimal Pareto front.  
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 The second experiment 

Here, we present the results of the second experiment (including the final evaluation) by analyzing  

different performance measures. The preliminary evaluation is skipped here, also the last reference point (R4= 

(0.5, -75) is ignored, because of our limitations and the practical matters. 

 The second experiment on ZDT4 test problem 

Hypervolume (HV) measure analysis: Figure 4.30 reveals that increasing the distance between the 

reference point and the global Pareto front influences the diagrams. Upper picture shows that the diagrams 

degrade after obtaining the best value in the peak (after generation 150). We discussed the possible reasons of 

this effect in Section 4.1.3 

Also, lower picture shows that after convergence of the obtained solutions to the optimal Pareto front, 

from generation 84, increasing the distance from R1 to R3 shifts down the diagrams. In other words, increasing 

the distance reduces HV in this case. Further, Table 4.27 shows the same influence, where from R1 to R3, the 

max. obtained value reduces monotonically 

 

 

Figure 4.30: HV diagrams for AE-R-NSGA-II in 10000 evaluation runs (10 replications). 

Value Setting 
Hypervolume 

Maximum value Average value Minimum value 

Non-normalized 

R1= (0.5, 0.2929) 58,2087 49,3298 0,0000 

R2= (0.5, -25) 57,5112 49,5545 0,0000 

R3= (0.5, -50) 57,2999 48,5904 0,0000 

Normalized 

R1= (0.5, 0.2929) 0,9833 0,8544 0,0000 

R2= (0.5, -25) 0,9815 0,8634 0,0000 

R3= (0.5, -50) 0,9790 0,8356 0,0000 

Table 4.18: A comparison between the obtained (maximum, average & minimum) HV for AE-R-NSGA-II in 10000 evaluation runs (10 
replications). 

Hypervolume with archive (HVA) measure analysis: Figure 4.31 reveals that in the upper picture after 129 

generations and in the lower picture after 88 generations, the curves change monotonically. In other words, 

after convergence of the obtained solutions to the optimal Pareto front, we can see that by increasing the 
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distance between the reference point and the global Pareto front HVA reduces correspondingly. Similarly, 

Table 4.19 shows this order on the obtained max. values.  

 

 

Figure 4.31: HVA diagrams for AE-R-NSGA-II in 10000 evaluation runs (10 replications). 

Value Setting 
Hypervolume with archive 

Maximum value Average value Minimum value 

Non-normalized 

R1= (0.5, 0.2929) 58,6949 50,2896 0,0000 

R2= (0.5, -25) 58,6121 50,9806 0,0000 

R3= (0.5, -50) 58,4121 49,5131 0,0000 

Normalized 

R1= (0.5, 0.2929) 0,9835 0,8624 0,0000 

R2= (0.5, -25) 0,9816 0,8699 0,0000 

R3= (0.5, -50) 0,9790 0,8426 0,0000 

Table 4.19: A comparison between the obtained (maximum, average & minimum) HVA for AE-R-NSGA-II in 10000 evaluation runs (10 
replications). 

R-NSGA-II adaptive epsilon value (AE) analysis: we can see the influence of the setting changes on AE 

diagrams in Figure 4.32, especially before convergence of the obtained solutions to the to the reference point. 

Also, Table 4.20 shows that by increasing the distance from R1 to R3, the (maximum, average & minimum) values 

increase correspondingly.  

For a better analysis we use following method. We shift R1 and R2 to farther distances of the global Pareto 

front. But, the obtained solutions cannot pass it after they converged. Therefore, when we increase the distance 

between the reference point and the global Pareto front the corresponding diagram also shifts up. To eliminate 

this effect, we shift the diagrams down until their lower point (minimum) touches the horizontal axis, as in 

Figure 4.33. In this case, the upper picture reveals the real influence of the setting changes on the diagrams, in 

particular before convergence of the obtained solutions to the reference point.  
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Figure 4.32: AE diagrams for AE-R-NSGA-II in 10000 evaluation runs (10 replications).  

 

Figure 4.33: Shifted AE diagrams for AE-R-NSGA-II in 10000 evaluation runs (10 replications). 

Value Setting 
R-NSGA-II adaptive epsilon 

Maximum value Average value Minimum value 

Non-normalized 

R1= (0.5, 0.2929) 0,7245 0,1043 0,0114 

R2= (0.5, -25) 0,9775 0,3480 0,2650 

R3= (0.5, -50) 1,2275 0,6238 0,5151 

Normalized 

R1= (0.5, 0.2929) 0,0038 0,0010 0,0001 

R2= (0.5, -25) 0,0046 0,0017 0,0009 

R3= (0.5, -50) 0,0055 0,0025 0,0018 

Table 4.20: A comparison between the obtained (maximum, average & minimum) AE for AE-R-NSGA-II in 10000 evaluation runs (10 
replications). 
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Graphical presentation (GP) of the obtained solutions analysis: Figure 4.34, Figure 4.35, Figure 4.36, and 

Figure 4.37 are sorted in the same order as presented for this measure (final evaluation) in Section 4.1.1 

and 4.1.2. The difference is that in the last two figures, the first frame (zoom 1) shows solutions located between  

𝑓1 ∈ [0.0, 1.0] and 𝑓2 ∈ [0.0, 20.0], the second frame (zoom 2) limits the 𝑓2 value to 𝑓2 ∈ [0.0, 10.0], and the 

third frame (zoom 3) limits the 𝑓2 value to 𝑓2 ∈ [0.0, 5.0]. Additionally, since we have not the possibility to 

summarize all 10 replications of any single setting (for example R1) in one picture, therefore, we select one of 

them by random to analyze. 

The above set of pictures in Figure 4.34 is uninformative in this case, but, the lower set reveals that by 

increasing the distance between the reference point and the global Pareto front the obtained front biases up. 

In other words, the distance between the closest solution and the global Pareto front increases in this case. This 

effect also can be seen in the other figures. 

 We ignore R2 and compare R1 and R3 influence, in which by increasing the distance the diversity of the 

obtained solutions decreases, especially in the close vicinity of the reference point throughout the front. This 

effect also can be seen in the other figures, in which increasing the distance influences the optimal Pareto front, 

and local fronts. 

 

Figure 4.34: GP of the obtained solutions for AE-R-NSGA-II in 10000 evaluation runs (1 replication).The obtained solutions are 
distinguished by a color range from red to green. From the first to the last generation the color of the solutions gradually changes from red to 
green. 

Graphical presentation of the obtained solutions (non-normalized) in 10000 evaluation runs on ZDT4 test problem (1 replication). 

Graphical presentation of the obtained solutions (normalized) in 10000 evaluation runs on ZDT4 test problem (1 replication). 

R1= (0.5, 0.2929) 

R1= (0.5, 0.2929) 

R2= (0.5, -25) 

R2= (0.5, -25) 

R3= (0.5, -50) 

R3= (0.5, -50) 
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Figure 4.35: GP of the obtained non-dominated solutions for AE-R-NSGA-II in 10000 evaluation runs (1 replication). 

 

Graphical presentation of the obtained solutions: ZOOM 1 (𝑓1 ∈ [0.0, 1.0] and 𝑓2 ∈ [0.0, 20.0]) 

Graphical presentation of the obtained solutions: ZOOM 2 (𝑓1 ∈ [0.0, 1.0] and 𝑓2 ∈ [0.0, 10.0]) 

Graphical presentation of the obtained solutions: ZOOM 3 (𝑓1 ∈ [0.0, 1.0] and 𝑓2 ∈ [0.0, 5.0]) 

Graphical presentation of the obtained non-dominated solutions (non-normalized) in 10000 evaluation runs on ZDT4 test problem (1 replication). 

Graphical presentation of the obtained non-dominated solutions (normalized) in 10000 evaluation runs on ZDT4 test problem (1 replication). 

R1= (0.5, 0.2929) 

R1= (0.5, 0.2929) 

R1= (0.5, 0.2929) 

R1= (0.5, 0.2929) 

R1= (0.5, 0.2929) 

R2= (0.5, -25) 

R2= (0.5, -25) 

R2= (0.5, -25) 

R2= (0.5, -25) 

R2= (0.5, -25) 

R3= (0.5, -50) 

R3= (0.5, -50) 

R3= (0.5, -50) 

R3= (0.5, -50) 

R3= (0.5, -50) 
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Figure 4.36: GP of the obtained solutions in three different frames (zoom) for AE-R-NSGA-II in 10000 evaluation runs (1 replication). 
From top to down, three different frames (zoom) that only show solutions located in a close vicinity of any reference point (R1, R2, & R3) are 
shown. The other solutions out of the frame cannot be seen. 

 

Figure 4.37: GP of the obtained non-dominated solutions in three different frames (zoom) for AE-R-NSGA-II in 10000 evaluation runs (1 
replication). From top to down, three different frames (zoom) that only show solutions located in a close vicinity of any reference point (R1, R2, 
& R3) are shown. The other solutions out of the frame cannot be seen. 

Inverted generational distance (IGD) measure analysis: Figure 4.38 shows that by increasing the distance 

from R1 to R3, IGD reduces and the diagrams shift down, especially when the solutions are converging to the 

reference point. Also, R3 obtains lower values compared to R1 and R2 that change in the same range. Similarly, 

Table 4.21 shows the same influence, where the obtained avg. value reduces monotonically in response to the 

setting changes. 

 

Graphical presentation of the obtained non-dominated solutions: ZOOM 3 (𝑓1 ∈ [0.0, 1.0] and 𝑓2 ∈ [0.0, 5.0]) 

Graphical presentation of the obtained non-dominated solutions: ZOOM 2 (𝑓1 ∈ [0.0, 1.0] and 𝑓2 ∈ [0.0, 10.0]) 

Graphical presentation of the obtained non-dominated solutions: ZOOM 1 (𝑓1 ∈ [0.0, 1.0] and 𝑓2 ∈ [0.0, 20.0]) 

R3= (0.5, -50) 

R3= (0.5, -50) 

R3= (0.5, -50) 

R2= (0.5, -25) 

R2= (0.5, -25) 

R2= (0.5, -25) 

R1= (0.5, 0.2929) 

R1= (0.5, 0.2929) 

R1= (0.5, 0.2929) 
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Figure 4.38: IGD diagrams for AE-R-NSGA-II in 10000 evaluation runs (10 replications). 

Value Setting 
Inverted generational distance 

Maximum value Average value Minimum value 

Non-normalized 

R1= (0.5, 0.2929) 3936,6760 230,7106 5,9057 

R2= (0.5, -25) 4043,7622 214,5664 6,2756 

R3= (0.5, -50) 1136,4490 40,5016 0,1594 

Normalized 

R1= (0.5, 0.2929) 25,3240 3,4918 0,5116 

R2= (0.5, -25) 28,7407 3,4921 0,6766 

R3= (0.5, -50) 6,9054 0,3991 0,0047 

Table 4.21: A comparison between the obtained (maximum, average & minimum) IGD value for AE-R-NSGA-II in 10000 evaluation runs 
(10 replications). 

Convergence or generational distance (GD) measure analysis: Figure 4.39 clarifies that R1 and R2 diagrams 

obtain lower values (almost in the same range) compared to R3 diagram. It is equal to lower speed of 

convergence for R3. Besides, in Table 4.22, only the obtained max. value reduces in response to the setting 

changes.  

 

Figure 4.39: GD for AE-R-NSGA-II in 10000 evaluation runs (10 replications). 

Value Setting 
Convergence or generational distance 

Maximum value Average value Minimum value 

Non-normalized 

R1= (0.5, 0.2929) 127,8296 38,6987 8,1168 

R2= (0.5, -25) 126,2423 38,1221 8,7897 

R3= (0.5, -50) 123,5196 83,5747 51,0819 

Normalized R1= (0.5, 0.2929) 0,6759 0,3773 0,2132 
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R2= (0.5, -25) 0,6680 0,3714 0,1900 

R3= (0.5, -50) 0,6407 0,5619 0,4422 

Table 4.22: A comparison between the obtained (maximum, average & minimum) GD value for AE-R-NSGA-II in 10000 evaluation runs 
(10 replications). 

Reference point convergence (RPC) measure analysis: Figure 4.40 shows that by increasing the distance 

between the reference point and the global Pareto front, from R1 to R3, the reference point convergence value 

increases (equal to lower speed of convergence to the reference point) and the corresponding diagram shifts 

up. Further, Table 4.23 shows the same influence on the values. Similarly, as we explained for AE diagrams, we 

shift RPC diagrams down, as shown in Figure 4.41. But, it is hard to analyze them due to the fluctuations.  

 

Figure 4.40: RPC diagrams for AE-R-NSGA-II in 10000 evaluation runs (10 replications). 

 

Figure 4.41: Shifted RPC diagrams for AE-R-NSGA-II in 10000 evaluation runs (10 replications). 
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Value Setting 
Reference point convergence 

Maximum value Average value Minimum value 

Non-normalized 

R1= (0.5, 0.2929) 138,5412 18,8505 1,6635 

R2= (0.5, -25) 163,8340 42,5599 27,1053 

R3= (0.5, -50) 188,8340 70,9129 52,1870 

Normalized 

R1= (0.5, 0.2929) 0,5395 0,2452 0,1092 

R2= (0.5, -25) 0,6185 0,2849 0,1699 

R3= (0.5, -50) 0,6980 0,3706 0,2229 

Table 4.23: A comparison between the obtained (maximum, average & minimum) RPC value for AE-R-NSGA-II in 10000 evaluation runs 
(10 replications). 

Spread measure analysis: Figure 4.42 reveals that R1 and R2 diagrams obtain lower values (almost in the 

same range) compared to R3 diagram. Moreover, after convergence of the obtained solutions (after generation 

110), R1 moves above R2, which is equal to higher spread for R1. Also, Table 4.24, is uninformative in this case. 

It is hard to make a general conclusion here. 

 

Figure 4.42: Spread diagrams for AE-R-NSGA-II in 10000 evaluation runs (10 replications). 

Value Setting 
Spread 

Maximum value Average value Minimum value 

Non-normalized 

R1= (0.5, 0.2929) 1,3443 1,1295 0,8802 

R2= (0.5, -25) 1,2693 1,0961 0,8461 

R3= (0.5, -50) 1,4730 1,3979 0,8816 

Normalized 

R1= (0.5, 0.2929) 1,1049 0,9932 0,8707 

R2= (0.5, -25) 1,0326 0,9651 0,8534 

R3= (0.5, -50) 1,5755 1,3671 0,9140 

Table 4.24: A comparison between the obtained (maximum, average & minimum) spread value for AE-R-NSGA-II in 10000 evaluation 
runs (10 replications). 

Population diversity (PD) measure analysis: the lower picture of Figure 4.43 shows that the setting changes 

influence the diagrams, in which after 170 generations, a big difference between R3 diagram and others can be 

seen. R3 moves above the others in this case. Also. Table 4.25 shows that only the obtained nor. avg. value 

increases monotonically by increasing the distance from R1 to R3. 
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Figure 4.43: PD diagrams for AE-R-NSGA-II in 10000 evaluation runs (10 replications). 

Value Setting 
Population diversity 

Maximum value Average value Minimum value 

Non-normalized 

R1= (0.5, 0.2929) 6,5319 3,6066 1,4092 

R2= (0.5, -25) 6,6461 3,4578 1,4099 

R3= (0.5, -50) 6,1868 3,6360 1,3984 

Normalized 

R1= (0.5, 0.2929) 0,1037 0,0398 0,0273 

R2= (0.5, -25) 0,1037 0,0402 0,0271 

R3= (0.5, -50) 0,1037 0,0419 0,0330 

Table 4.25: A comparison between the obtained (maximum, average & minimum) PD value for AE-R-NSGA-II in 10000 evaluation runs 
(10 replications). 

Individual objective (f1 value) measure analysis: Figure 4.44 shows that changes in the settings influence 

the diagrams, in particular after convergence of the obtained solutions to the reference point (after about 8500 

runs). In order to simplify the analysis and clarify the difference between the diagrams we use the trend lines 

(moving average of length 10), as depicted in the lower picture.  

We can see the influence, besides we can see that by increasing the distance from R1 to R3 the individual 

objective increases correspondingly and the diagrams shift up. Further, we can see that after convergence every 

diagram biases, in which R1 biases to 0.35, R2 biases to 0.45, and R3 biases to 0.50. in other words, by increasing 

the distance f1 value biases from 0.35 to 0.50. Moreover, Table 4.26 is uninformative in this case.  
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Figure 4.44: Individual objective (upper picture) and individual objective trend line (lower picture) for AE-R-NSGA-II in 10000 evaluation 
runs (10 replications). 

Value Setting 
Individual objective (f1 value) 

Maximum value Average value Minimum value 

Non-normalized 

R1= (0.5, 0.2929) 1,0000 0,2558 0,0000 

R2= (0.5, -25) 1,0000 0,2829 0,0000 

R3= (0.5, -50) 1,0000 0,2553 0,0000 

Normalized 

R1= (0.5, 0.2929) - - - 

R2= (0.5, -25) - - - 

R3= (0.5, -50) - - - 

Table 4.26: A comparison between the obtained (maximum, average & minimum) individual objective value for AE-R-NSGA-II in 10000 
evaluation runs (10 replications). 

 The second experiment on ZDT1 test problem 

Hypervolume (HV) measure analysis: Figure 4.45 reveals that changes in the settings influence the 

diagrams, especially after convergence of the obtained solutions to the optimal Pareto front. Before 

convergence (before 26 generations) by increasing the distance from R1 to R4, HV reduces, while after that 

increases in order.  The latter is clearer in the diagrams. Further, Table 4.27 reveals that by increasing the 

distance the obtained (max. and avg.) value also increase monotonically. 
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Figure 4.45: HV diagrams for AE-R-NSGA-II in 5000 evaluation runs (10 replications). 

Value Setting 
Hypervolume 

Maximum value Average value Minimum value 

Non-normalized 

R1=(0,5, 0,2929) 1,9794 1,3396 0,0000 

R2=(0, -0,4142) 1,9784 1,6492 0,0000 

R3=(-0,5, -1,1213) 1,9870 1,7053 0,0000 

R4=(-1, -1,8284) 2,0102 1,7399 0,0012 

Normalized 

R1=(0,5, 0,2929) 0,2199 0,1488 0,0000 

R2=(0, -0,4142) 0,2198 0,1832 0,0000 

R3=(-0,5, -1,1213) 0,2208 0,1895 0,0000 

R4=(-1, -1,8284) 0,2234 0,1933 0,0001 

Table 4.27: A comparison between the obtained (maximum, average & minimum) HV for AE-R-NSGA-II in 5000 evaluation runs (10 
replications). 

Hypervolume with archive (HVA) measure analysis: Figure 4.46, changes in the settings influence the 

diagrams, especially before convergence of the obtained solutions to the optimal Pareto front. Before 

convergence, by increasing the distance between the reference point and the global Pareto front HVA reduces 

monotonically. This effect can be seen until convergence of the obtained solutions to the reference point.  

Additionally, we ignore R2 and R3 and just compare R1 and R4, where they reveal that in all generations R1 

diagram is above R4. Also, Table 4.28 shows that from R1 to R3 by increasing the distance, the obtained (max. 

and avg.) values decrease. But, these increase for R4, at the same time. Therefore, we cannot make a general 

conclusion in this case.  
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Figure 4.46: HVA diagrams for AE-R-NSGA-II in 5000 evaluation runs (10 replications). 

Value Setting 
Hypervolume with archive 

Maximum value Average value Minimum value 

Non-normalized 

R1=(0,5, 0,2929) 2,0436 1,9005 0,0958 

R2=(0, -0,4142) 2,0345 1,8759 0,0958 

R3=(-0,5, -1,1213) 2,0319 1,8412 0,0958 

R4=(-1, -1,8284) 2,0454 1,8611 0,0958 

Normalized 

R1=(0,5, 0,2929) 0,2271 0,2112 0,0106 

R2=(0, -0,4142) 0,2261 0,2084 0,0106 

R3=(-0,5, -1,1213) 0,2258 0,2046 0,0106 

R4=(-1, -1,8284) 0,2273 0,2068 0,0106 

Table 4.28: A comparison between the obtained (maximum, average & minimum) HVA for AE-R-NSGA-II in 5000 evaluation runs (10 
replications). 

R-NSGA-II adaptive epsilon (AE) value analysis: Figure 4.47, reveals that increasing the distance between 

the reference point and the global Pareto front from R1 to R4 obviously affects AE, in particular in the beginning 

generations (in first 26 generations) when the solutions are still converging to the optimal Pareto front. After 

that the diagrams are almost constant. Obviously, by increasing the distance from R1 to R4 AE increases 

correspondingly. Also, Table 4.9 shows the same result. 

For a better evaluation, we use the method we explained for this measure in Section 4.2.1. Therefore, 

Figure 4.48 reveals the same results. But, since in the upper picture changes in the setting increase AE and in the 

lower picture decrease it, we are not able to make a general conclusion. 
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Figure 4.47: AE diagrams for AE-R-NSGA-II in 5000 evaluation runs (10 replications). 

 

Figure 4.48: Shifted AE diagrams for AE-R-NSGA-II in 5000 evaluation runs (10 replications). 

Value Setting 
R-NSGA-II adaptive epsilon 

Maximum value Average value Minimum value 

Non-normalized 

R1=(0,5, 0,2929) 0,0215 0,0012 0,0000 

R2=(0, -0,4142) 0,0296 0,0102 0,0089 

R3=(-0,5, -1,1213) 0,0379 0,0190 0,0176 

R4=(-1, -1,8284) 0,0463 0,0274 0,0261 

Normalized 

R1=(0,5, 0,2929) 0,0047 0,0003 0,0000 

R2=(0, -0,4142) 0,0068 0,0024 0,0022 

R3=(-0,5, -1,1213) 0,0094 0,0051 0,0049 

R4=(-1, -1,8284) 0,0123 0,0080 0,0078 

Table 4.29: A comparison between the obtained (maximum, average & minimum) AE for AE-R-NSGA-II in 5000 evaluation runs (10 
replications). 
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Graphical presentation (GP) of the obtained solutions analysis: Figure 4.49 shows that by increasing 

the distance from R1 to R4 the diversity of the obtained solutions reduces in general. But, in particular, it 

increases throughout the optimal Pareto front. We interpret the first influence as follows.  Since we move the 

reference point from R1 to R4, the obtained solutions bias and get stuck in the left side of the Pareto front curve. 

They obtain less diversity in general. It is because the global Pareto front does not let the solutions move further 

and converge to the reference point that is in the infeasible space.  

 

Figure 4.49: GP of the obtained solutions (upper set of pictures) and the obtained non-dominated solutions (lower set of pictures) for 
AE-R-NSGA-II in 5000 evaluation runs (1 replication). Here, the obtained solutions are distinguished by a color range from red to green. From 
the first to the last generation the solutions color gradually changes from red to green. 

Inverted generational distance (IGD) measure analysis: Figure 4.50 shows that changes in the setting from 

R1 to R4 influence the diagrams, especially (in generation 1 to 26) when the solutions are converging to the 

optimal Pareto front. Also, by increasing the distance between the reference point and the global Pareto front 

IGD increases (in generation 12 to 26). Further, Table 4.30 shows the same result, in which increasing the 

distance increases the obtained maximum and average values. 

Graphical presentation of the obtained solutions in 5000 evaluation runs on ZDT1 test problem (1 replication). 

Graphical presentation of the obtained non-dominated solutions in 5000 evaluation runs on ZDT1 test problem (1 replication). 

R4= (-1,-1.8284) R3= (-0.5,-1.1213) R2= (0,-0.4142) R1= (0.5, 0.2929) 

R4= (-1,-1.8284) R3= (-0.5,-1.1213) R2= (0,-0.4142) R1= (0.5, 0.2929) 
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Figure 4.50: IGD for AE-R-NSGA-II in 5000 evaluation runs (10 replications). 

Value Setting 
Inverted generational distance 

Maximum value Average value Minimum value 

Non-normalized 

R1=(0,5, 0,2929) 1483,6294 60,7631 0,5018 

R2=(0, -0,4142) 1776,1126 97,4850 2,1934 

R3=(-0,5, -1,1213) 2125,0056 134,7752 1,7936 

R4=(-1, -1,8284) 2275,3465 119,8833 1,0186 

Normalized 

R1=(0,5, 0,2929) 305,6262 13,2948 0,1607 

R2=(0, -0,4142) 368,5092 21,5284 0,8550 

R3=(-0,5, -1,1213) 439,1136 29,2894 0,6228 

R4=(-1, -1,8284) 468,3401 26,0751 0,3850 

Table 4.30: A comparison between the obtained (maximum, average & minimum) IGD value for AE-R-NSGA-II in 5000 evaluation runs 
(10 replications). 

Convergence or generational distance (GD) measure analysis: Figure 4.51 reveals that changes in the 

setting form R1 to R4 increases GD correspondingly and shift up the diagrams, especially before convergence of 

the obtained solutions to the reference point. In other words, increasing the distance reduces the speed of 

convergence. Also, Table 4.31 shows that by increasing the distance the obtained minimum value increases 

monotonically. 
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Figure 4.51: GD diagrams for AE-R-NSGA-II in 5000 evaluation runs (10 replications). 

Value Setting 
Convergence or generational distance 

Maximum value Average value Minimum value 

Non-normalized 

R1=(0,5, 0,2929) 4,5683 0,3676 0,0029 

R2=(0, -0,4142) 4,9724 0,4621 0,0076 

R3=(-0,5, -1,1213) 4,7372 0,5712 0,0090 

R4=(-1, -1,8284) 4,8887 0,5470 0,0093 

Normalized 

R1=(0,5, 0,2929) 0,9141 0,0756 0,0007 

R2=(0, -0,4142) 0,9945 0,0947 0,0025 

R3=(-0,5, -1,1213) 0,9476 0,1173 0,0030 

R4=(-1, -1,8284) 0,9868 0,1126 0,0031 

Table 4.31: A comparison between the obtained (maximum, average & minimum) GD value for AE-R-NSGA-II in 5000 evaluation runs 
(10 replications). 

Reference point convergence (RPC) measure analysis: Figure 4.52 shows that by increasing the distance 

between the reference point and the global Pareto front RPC increases and the corresponding diagram shifts 

up. In other words, by increasing the distance the speed of convergence to the reference point reduces. Likewise, 

Table 4.32 shows the same results. 

Similarly, as we shifted AE diagrams in Section 4.2.1, and before in this section, in order to clarify the real 

effect of the setting changes we shift the diagrams down in Figure 4.53. The results are the same. Increasing the 

distance influences the diagrams until the solutions are converged to the reference point. In the upper picture, 

by increasing the distance RPC increases and the diagrams shift up. While in the lower picture RPC decreases. 

Therefore, it is difficult to make a general conclusion in this case. 
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Figure 4.52: RPC for AE-R-NSGA-II in 5000 evaluation runs (10 replications). 

 

Figure 4.53: Shifted RPC for AE-R-NSGA-II in 5000 evaluation runs (10 replications). 

Value Setting 
Reference point convergence 

Maximum value Average value Minimum value 

Non-normalized 

R1=(0,5, 0,2929) 3,0074 0,2283 0,0191 

R2=(0, -0,4142) 3,7739 1,1906 0,9416 

R3=(-0,5, -1,1213) 4,5754 2,0833 1,8113 

R4=(-1, -1,8284) 5,3954 2,9129 2,6599 

Normalized 

R1=(0,5, 0,2929) 0,6219 0,0626 0,0078 

R2=(0, -0,4142) 0,8427 0,2615 0,2240 

R3=(-0,5, -1,1213) 1,0939 0,5291 0,4926 

R4=(-1, -1,8284) 1,3648 0,8204 0,7875 

Table 4.32: A comparison between the obtained (maximum, average & minimum) RPC value for AE-R-NSGA-II in 5000 evaluation runs 
(10 replications). 
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Spread measure analysis: Figure 4.54 shows that before convergence of the obtained solutions to the 

optimal Pareto front (in generation 6 to 26) by increasing the distance from R1 to R4 spread reduces and the 

corresponding diagram in turn shifts down. Next, until convergence of the solutions to the reference point (in 

generation 26 to 56) the effect is opposite, where spread increases. In the next generations the order of the 

diagrams change again, when after convergence of the solutions to the reference point (especially, in generation 

66 to 100), by increasing the distance from R1 to R4 the spread reduces and the corresponding diagram shifts 

down. Due to the changes in the order of the diagrams it is difficult to make a general conclusion. 

Further, Table 4.33 reveals that by increasing the distance the obtained avg. value increases 

correspondingly. 

 

Figure 4.54: Spread diagrams for AE-R-NSGA-II in 5000 evaluation runs (10 replications). 

Value Setting 
Spread 

Maximum value Average value Minimum value 

Non-normalized 

R1=(0,5, 0,2929) 1,2792 0,8871 0,0000 

R2=(0, -0,4142) 1,3277 0,9058 0,0000 

R3=(-0,5, -1,1213) 1,3350 0,9119 0,0000 

R4=(-1, -1,8284) 1,3292 0,9274 0,0000 

Normalized 

R1=(0,5, 0,2929) 1,2043 0,8820 0,0000 

R2=(0, -0,4142) 1,2629 0,9011 0,0000 

R3=(-0,5, -1,1213) 1,2750 0,9038 0,0000 

R4=(-1, -1,8284) 1,2741 0,9188 0,0000 

Table 4.33: A comparison between the obtained (maximum, average & minimum) spread value for AE-R-NSGA-II in 5000 evaluation 
runs (10 replications). 

Population diversity (PD) measure analysis: Figure 4.55 reveals that changes in the setting from R1 to R4 

influence the diagrams, especially before convergence of the obtained solutions to the reference point. After 

convergence of the solutions to the optimal Pareto front (after 26 generations), by increasing the distance from 

R1 to R4 PD increases monotonically and the corresponding diagram shifts up. Further, Table 4.34 shows that 

by increasing the distance the obtained maximum value reduces monotonically. Additionally, the obtained 

minimum value increases monotonically. 
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Figure 4.55: PD for AE-R-NSGA-II in 5000 evaluation runs (10 replications). 

Value Setting 
Population diversity 

Maximum value Average value Minimum value 

Non-normalized 

R1=(0,5, 0,2929) 0,2831 0,0496 0,0098 

R2=(0, -0,4142) 0,2703 0,0417 0,0111 

R3=(-0,5, -1,1213) 0,2663 0,0496 0,0121 

R4=(-1, -1,8284) 0,2636 0,0548 0,0156 

Normalized 

R1=(0,5, 0,2929) 0,0741 0,0156 0,0036 

R2=(0, -0,4142) 0,0694 0,0115 0,0039 

R3=(-0,5, -1,1213) 0,0701 0,0133 0,0043 

R4=(-1, -1,8284) 0,0710 0,0146 0,0054 

Table 4.34: A comparison between the obtained (maximum, average & minimum) PD value for AE-R-NSGA-II in 5000 evaluation runs 
(10 replications). 

Individual objective (f1 value) measure analysis: due to the practical matters we have not been able to 

extract and analyze the corresponding data of this measure at the time of writing the report. 

 Summary of the second experiment on ZDT4 and ZDT1 

This section presents and discusses the most important results that we obtained in the analysis of the 

second experiment, as follows. 

 

In ZDT4: the influence of the different distances between the reference point (R) parameter and the 

global Pareto front can be seen on the behavior and performance of the algorithm in terms of convergence of 

the obtained solutions to the optimal Pareto front (and to the reference point), and the diversity. In ZDT1: the 

same influences can be seen.  

 

In ZDT4: the analyses show that, except in two cases (AE and RPC) there is no clear order of changes in 

the diagrams. Therefore we ignored the abnormal behaviors and fluctuations and used the simplified analysis 

method, as discussed before. Consequently, we found that similar to AE and RPC, some other diagrams or their 

corresponding obtained (maximum, average and minimum) values change in a regular manner. These can be 

seen on: HV, HVA, IGD, and the individual objective (f1 value) performance measures. In ZDT1: in most cases the 
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order of changes caused by the different settings can be seen clearly. For example, it can be seen in all 

generations of the algorithm through RPC and spread measures.  

 

In ZDT4: the influence of the different settings on the convergence of the obtained solutions to the 

optimal Pareto front can be seen using the convergence and RPC. In ZDT1: the influence can be seen using HVA, 

AE, and IGD. 

 

In ZDT4: by ignoring the abnormal behavior and fluctuations, the influence of the different settings on 

the convergence of the obtained solutions to the reference point can be seen using HV, HVA, AE, and IGD. In 

ZDT1: the influence can be seen using the HV, convergence, and PD.  

 

In ZDT4: by increasing the distance between the reference point and the global Pareto front from R1 to 

R3, the individual objective (f1 value) biases from 0.35 to 0.50. This effect only can be observed after 

convergence of the obtained solutions to the reference point. 

 

In ZDT4: when the selected reference point is located in a position close to the middle part of the Pareto 

front curve, the algorithm shows better results with less abnormal behavior such as looping in a local optima or 

ignoring the diversity of the obtained solutions. Therefore, reference points that are biased towards the outer 

ends of the curve are not recommended. In ZDT1: similar to the other test problem.  

 

In ZDT4: applying the graphical presentation of the obtained solutions reveals that by increasing the 

distance between the reference point and the global Pareto front the obtained optimal Pareto front shifts up. 

In other words, the distance between the closest solution and the global Pareto front increases. This effect can 

be seen especially in the close vicinity of the reference point throughout the front. Furthermore, the diversity of 

the obtained solutions throughout the local and the optimal Pareto front decreases.  In ZDT1:  by increasing the 

distance, the diversity of the obtained solutions throughout the optimal Pareto front increases. 

 

In ZDT4: applying HV measure reveals that in long run, for every single selected R setting the 

corresponding diagram fluctuates and degrades after obtaining the best value in the peak. We already discussed 

this effect in Section 4.1.3. Therefore, around 5000 evaluation runs of the algorithms is recommended in this 

case. Because extra runs degrade the algorithm performance. In ZDT1: the same influence can be seen. It should 

be noted that in this case, the diagrams degrade with a slow slope, while in the previous experiments (first 

experiment on ZDT4 and ZDT1, and the second experiment on ZDT4) the diagrams degrade with a fast slope. 

 

In ZDT4: applying IGD, convergence, and spread measure reveals that increasing the distance from R2 to 

R3 causes a big difference between the first two diagrams (R1 & R2) and the third one (R3). By increasing the 

distance to R3, IGD value reduces and the corresponding diagram shifts down. At the same time, the value of 

the convergence and spread measures significantly increase. In other words, the speed of convergence 

decreases and the diversity drastically increases. It can be concluded that increasing the distance to R3 degrades 

the performance of the algorithm. Therefore, lower distances between the reference point and the global Pareto 

front are recommended in this case. 
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In ZDT4: through HV, and HVA we found that increasing the distance reduces the value of these measures 

and shifts down the corresponding diagrams. Also, reduces the obtained maximum value of the measures. This 

can be interpreted as a performance degradation. This effect can be seen clearly after convergence of the 

obtained solutions to the optimal Pareto front. In ZDT1: HV measure reveals different effects: 

 Before convergence of the obtained solutions to the optimal Pareto front, HV reduces monotonically 

 After convergence of the obtained solutions to the optimal Pareto front, HV increases 

 The obtained (maximum and average) value of HV increases in general 

 The best performance can be seen when R4 is set. 

Also, HVA reduces in order (performance degradation). This effect can be seen clearly before and after 

convergence of the obtained solutions to the optimal Pareto front. 

 

In ZDT4: using AE we found that by increasing the distance, the adaptive epsilon value increases. Also, 

the obtained epsilon value (maximum, average and minimum) increases. In ZDT1: Similar effect can be seen.  

 

In ZDT4: through RPC measure we found that increasing the distance, increases the measure value 

correspondingly. Also, the obtained (maximum, average and minimum) value increases. In other words, 

increasing the distance that increases the adaptive epsilon value, reduces the speed of convergence to the 

reference point. In ZDT1: similar influence can be seen. 

 

In ZDT4: the inverted generational distance measure revealed that by increasing the distance, the 

obtained average value of the measure (non-normalized) reduces monotonically. In ZDT1: the obtained 

(maximum and average) value increases similarly. 

 

In ZDT4: the convergence measure reveals that by increasing the distance, the obtained maximum value 

of the measure reduces correspondingly. It exhibits faster speed of convergence. In ZDT1: the value of the 

measure increases. It exhibits slower speed of convergence. At the same time, the obtained minimum value also 

increases. 

 

In ZDT4: PD measure reveals that by increasing the distance, the obtained average value (normalized) 

increases. This is contrary to the result we obtained using the GP of the obtained solutions. In ZDT1: the same 

influence can be seen, when increasing the distance increases PD correspondingly. At the same time, the 

obtained (minimum) value also increases. This proves the results we obtained from the GP of the obtained 

solutions. 

 

In ZDT1: applying the spread measure reveals different influences: 

1. Before convergence of the obtained solutions to the optimal Pareto front, the spread reduces 

monotonically 

2. After convergence of the obtained solutions to the optimal Pareto front (before convergence to the 

reference point), the spread increases 

3. After convergence of the obtained solutions to the reference point, the spread reduces 

4. The obtained (average) value increases in general. 
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 Discussion 

As an initial step in facilitating use of AE-R-NSGA-II in real world optimization, we evaluated the behavior 

and performance of the algorithm via ZDT1 and ZDT4 benchmark functions in two experiments. To this aim, we 

studied the main concepts in the field of SBO, such as Multi-objective optimization, EMOAs, NSGA-II, and in 

particular R-NSGA-II. 

Moreover, we studied how manipulating the C and R parameters affect the behavior and performance of 

the algorithm in terms of (i) the speed of convergence of the obtained solutions to the optimal Pareto front, (ii) 

the speed of convergence of the obtained solutions to the reference point, and (iii) the diversity of the obtained 

solutions, especially throughout the optimal Pareto front.  

As presented in the previous section, we run two experiments in order to evaluate the algorithm.  Our data 

shows that the algorithm is applicable in optimization problems. Moreover, there is a tradeoff between the 

convergence and diversity of the obtained solutions, depending on the selected values for parameters C and R. 

In other words, the systematic setting approaches that we applied in our experiments can help decision makers 

in SBO problems to manipulate the algorithm settings according to the problem characteristics. These can 

control the diversity and convergence of the obtained solutions, especially throughout the optimal Pareto front. 

This leads to lower computational costs in using the algorithm. 

In addition, we found that it is difficult to make a general conclusion regarding the behavior and 

performance of the algorithm through the performance measures because the results are conflicting in some 

cases while consistent in other cases. Therefore, any part of the analysis and results, which already discussed in 

detail and clarified the behavior and performance of the algorithm from a different view, can be applied 

specifically by decision makers, according to the problem characteristics under study. Figure 5.1, Figure 5.2, 

Figure 5.3, and Figure 5.4 briefly present the conflicting, consistent, and uninformative results.  

Figure 5.1 shows that how the different performance measures influence when C parameter increases. 

These are tested on ZDT4. It can be seen that increasing C increases the population diversity value, and the 

reference point convergence value (slower speed of convergence), while decreases the value of hypervolume 

and hypervolume with archive. The setting changes also increases the R-NSGA-II adaptive epsilon value, at the 

same time. These are the consistent results in this case that prove each other.  

Moreover, the graphical presentation of the obtained solutions is the only measure that clarifies a 

conflicting result. While we expect that the diversity of the obtained solutions increases (because of the above 

mentioned consistent results), unexpectedly the diversity reduces. We discussed the reasons of this matter in 

Section 4.1.3. 

In addition, we noticed that the rest of the measures, including the spread, modified spread, individual 

objective, inverted generational distance, and convergence are uninformative in this case.  
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Figure 5.1: An overview of the influence of C parameter setting (increasing the value of C) on different performance measures (tested 
on ZDT4).  

Also, Figure 5.2 shows the same experiment as above, but tested on ZDT1. It can be seen that increasing 

C increases the reference point convergence, and R-NSGA-II adaptive epsilon value. These are the consistent 

results in this case. Also, there are three performance measures that show unexpected conflicting results. The 

individual objective, which converges faster, and the hypervolume and hypervolume with archive values that 

increase. The rest of the performance measures are uninformative in this case. 

 

Figure 5.2: An overview of the influence of C parameter setting (increasing the value of C) on different performance measures (tested 
on ZDT1). 

Moreover, Figure 5.3 shows that how the different performance measures are influenced when the 

distance between the reference point and the global Pareto front increases by manipulating the reference point 

(R) parameter setting. These are tested on ZDT4.  It can be seen that increasing the distance increases the value 

of the spread, the population diversity, reference point convergence, convergence, and R-NSGA-II adaptive 

epsilon. Also, changes in the setting increases the individual objective and its diversity. At the same time, the 

hypervolume and hypervolume with archive reduces. These are the consistent results. 
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Furthermore, 2 measures show conflicting results: the inverted generational distance that reduces, and 

diversity of the solutions seen by graphical presentation of the obtained solutions. We expect opposite results 

in this case. The only measure that is not informative in this case is the modified spread, which does not clarify 

any changes in respond to the setting changes. 

 

Figure 5.3: An overview of the influence of the different distances between the reference point and the global Pareto front simulated 
by manipulating the reference point parameter (R) setting (tested on ZDT4). 

Figure 5.4 shows the same experiment as above, but tested on ZDT1. It can be seen that increasing the 

distance increases the spread value, population diversity, reference point convergence, inverted generational 

distance, convergence, and R-NSGA-II adaptive epsilon. 

Moreover, diversity of the obtained solutions seen by the graphical presentation of the obtained 

solutions increases. At the same time, the hypervolume with archive reduces. These are the consistent results. 

The only conflicting result can be seen where the hypervolume increases, while we expect the opposite change. 

The modified spread and individual objective are uninformative in this case. 

  

Figure 5.4: An overview of the influence of the different distances between the reference point and the global Pareto front simulated 
by manipulating the reference point parameter (R) setting (tested on ZDT1). 
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Besides, we specified and tested two performance measurement and a behavioral characteristics analysis 

method for guided search. They are modified and specialized to evaluate any reference point based algorithm, 

such as AE-R-NSGA-II. In general evaluations revealed that among the new proposals, except the modified 

spread that we have not been able to test completely, the population diversity and the method show promising 

results. They are helpful when applied with the other measures. Our study revealed that: 

R-NSGA-II adaptive epsilon value: we verified that decision makers are able to track and analyze the 

adaptive epsilon value using the method. We tested and proved the applicability and usefulness of the method 

in combination with the other performance measures. It should be noted that R-NSGA-II adaptive epsilon causes 

some changes in the behavior and performance of the algorithm. Those changes need to be verified by 

measuring the spread, as we did. 

Modified spread: because of our limitations, we have not been able to extract the corresponding data and 

analyze them in this case (cf. Section 3.2.1). 

Population diversity: the population diversity measure shows some promising results, too. These prove that 

the measure can be applied by decision makers depending on the problem characteristics under study. The other 

performance measures verify its applicability and usefulness, as presented in Section 4.  Our evaluations in the 

experiments proved that the influence of changes in the C/ R parameter value setting is visible using the measure 

in combination with the other measures. It should be noted that, even on one side we achieved some promising 

results, but on the other side, we also faced some unexpected results. For example, while the graphical 

presentation of the obtained solutions show that by increasing the distance between the reference point 

parameter (R) and the global Pareto front, the diversity decreases, the population diversity measure shows that 

the diversity increases. 

To the best of our knowledge, this study is one of its kind using 11 measures for evaluating the SBO 

algorithms.  For instance Deb, et al., (2002) only uses 2 measures in an evaluation. The reason why we used 

more measures is that we believe each of the measures provides a different perspective to investigate and 

evaluate the algorithm. Performance measures are designed to quantify either or both convergence, and 

diversity of the obtained solutions by algorithms used in multi-objective optimization problems (Deb, 2001) 

(Sarker, et al., 2002). As we described, some of the results are conflicting. This makes it difficult to achieve a 

general conclusion about the behavior and performance of the algorithm. 

In this study, we increased or decreased C and R monotonically. Nevertheless, in most cases unexpected 

fluctuations were observed in the performance measure diagrams (especially in the first experiment). In many 

cases there were no clear order of changes in the diagrams, because of the fluctuations. This made the analysis 

process very difficult, and in some cases impossible. As already mentioned, in some cases, we ignored some of 

these fluctuations, or even some diagrams, or a part of them, or used the obtained (minimum, average & 

maximum) value of the measures to be able to analyze them. Some examples of the diagrams with fluctuations 

are sorted in Table 5.1. These fluctuations might be explained as follows: 

 Despite all improvements in the algorithm, it still has some problems and drawbacks, which indeed are 

inherited from its predecessors. One example is the diversity ignorance, as discussed before in Section 2.4. 

 The selected values for the settings have been unreasonably big or small values. 

 It does not matter how big or small value is set, since the algorithm is stochastic in nature, any value (or 

range of values) gives the same results. 

 There might have been coding errors in the algorithm, the measures, or the normalization method at the 

time of performing this study. 
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Performance Measure Examples 

Hypervolume Figure 4.3, Figure 4.11, and Figure 4.22 

Hypervolume with archive Figure 4.12, and Figure 4.46 

R-NSGA-II adaptive epsilon value Figure 4.13 (lower picture) 

Inverted generational distance Figure 4.17, and Figure 4.50 

Convergence Figure 4.18 

Reference point convergence Figure 4.19, and Figure 4.28 

Spread Figure 4.20, and Figure 4.42 

Population diversity Figure 4.21, and Figure 4.43 

Individual objective (f1 value) Figure 4.44 

Table 5.1: Some examples of the diagrams with fluctuations. 

As a bonus contribution, this study helped improving and extending the Benchmark software which can 

facilitate the future similar works at the University of Skövde. For instances a number of the features were 

improved (e.g. Single analysis method, Group analysis method, Normalization method). Similarly, some new 

features were added to the software (e.g. Modified spread diversity measure, Population diversity measure, R-

NSGA-II adaptive epsilon value behavioral characteristics analysis method, Statistical analysis method). In the 

following, we briefly describe some of these examples:  

 For a case study with different reference point (R) parameters when decision makers use the group analysis, 

sometimes it is required to configure the performance measure parameters, individually for every group. 

Therefore, a field is added where they can choose a reference point for each group (modified feature). 

Similarly, for a case study with different adaptive epsilon coefficient (C) value parameters, another field is 

added that simplifies the configuration of the parameter, individually for each group of experiments 

(modified feature).  

 Another modification on the C value parameter setting has been implemented, which provides decision 

makers with the possibility of applying any decimal value for the setting. It is useful for a precise 

manipulation of the parameter in an experiment. Previously, the parameter setting was limited to only 2 

decimal digits (modified feature).  

 Moreover, the statistical analysis method is added, which provides decision makers to apply the confidence 

interval method and the corresponding standard error bars in a single view. As already pointed out, since 

the EMOAs are stochastic in essence, and no performance guarantee exists for them under the given 

experimental conditions (Fonseca & Fleming, 1996) (Zitzler, et al., 2000) (Siegmund, et al., 2013), therefore, 

in order to obtain a reliable insight into the performance and reduce the influence of the stochastic nature 

of the algorithms on the results, each  experiment should be replicated. The new added feature helps 

decision makers to find the reasonable number of the replications for every single measure, according to 

the desired level of confidence (new feature).  

 Also, the decision makers are provided with the trend lines of the performance measure analysis diagrams, 

which is helpful in case the diagrams fluctuate a lot. 

 Likewise, a performance convergence indicator is added to the performance measure analysis tool, which 

shows if the average performance measure improvement is below 1%. It can be interpreted as that the 

experiment can be stopped there. It helps decision makers to save the computer budget assigned to any 

experiment. 
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 Conclusions and Future Work 

In this study, we evaluated the algorithm through two experiments. In the first experiment we tested 18 

different C value parameter settings, and in the second 8 different R parameter settings (to manipulate distances 

between the reference point and the global Pareto front). We tested the algorithm in 2 different test problems 

(ZDT4 and ZDT1). We applied 11 different performance measures for the evaluation. In this regard, we evaluated 

36 different settings in 11 perspectives (ways), equal to 396 evaluations. By considering the replications, we (at 

least) ran 4000 experiments to evaluate the algorithm. 

 It is worth noting that a number of other experiments were conducted the results of which are excluded 

from this thesis due to some practical matters. For example we tested different normalization methods, different 

population sizes, manipulation of C and R parameters at the same time, approximation of C depending on the 

adaptive epsilon value of the last generation of the algorithm (instead of the first one), modification of AE and 

RPC as we explained in Section 4.2.  

Some of the findings of the study are as follows (cf. Figure 5.1, Figure 5.2, Figure 5.3, and Figure 5.4 for 

details): (i) systematic changes of C and R parameters influence the convergence speed of the obtained solutions 

(to the optimal Pareto front and to the reference point), in addition to the diversity, (ii) in some cases, there is a 

tradeoff between the diversity and convergence speed, in line with the systematic changes in the settings (we 

presented them in section 5 as consistent results), (iii) the proposed diversity measures and the behavioral 

characteristics analysis method are applicable and useful in combination with other performance measures (i 

and ii cover the first research objective, and iii covers the second research objective in section 1.1) 

Nevertheless, we realized that because of the unexpected abnormal behaviors of the algorithm, in some 

cases the results are conflicting, therefore, impossible to interpret. This shows that still further research is 

required to verify the applicability and usefulness of AE-R-NSGA-II in practice. The knowledge gained in this study 

helps improving the algorithm. Some of the possible future works related to this study are as follows: 

 AE-R-NSGA-II starts from a far distance to the reference point and gradually gets closer to it by limiting the 

search area out of the feasible space depending on the solutions found. This is because the algorithm gives 

insight on the solutions to decision makers. As a future work, the algorithm can be modified so that it works 

backward, where finds the closest solutions in a limited area of the feasible space around the reference 

point. Then, after finding the Pareto optimal set works backward to broaden the search area until required 

(until giving the insight of the solutions to decision makers). This is in line with user preferences and problem 

characteristics, in which the user stops the algorithm run as soon as gets an idea of the solutions in the 

backward process. 

 Another possible future study is to analyze the other parameters of the algorithm, separately or in 

combination with each other. Similarly, one can analyze our proposed measures and compare them to other 

common performance measures in order to validate their applicability and usefulness. 

 Moreover, in future, AE and RPC measures can be modified depending on the problem characteristics and 

user preferences, in which the measures shift and adopt their values (diagrams). In other words, finding a 

suitable mathematical method of calculation to change the slope of AE/RPC diagram. Regarding this, we 

explained a method in Section 4.2. 

 In this study, we observed  some conflicting results ( Section 5) that require future work in particular in order 

to be able to interpret them.  

 Additionally, AE-R-NSGA-II can be tested in future with some modifications on the method of calculating the 

distance of the closest solution. For example, instead of using the closest solution of the population, the 
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closest solution of every front can be used to see if it limits the search space and improves the algorithm for 

the faster speed of convergence. Therefore, the algorithm can be modified for: (i) robust distance calculation 

(closest, centroid, farthest, ect), (ii) individual distance calculation for different fronts, and (iii) horizontal 

epsilon adaptation for individual fronts.  

 In this study, we tested the different C parameter settings, where we approximated C depending on the 

adaptive epsilon value of the first generation and the reference point (0.5, 0). Since decision makers are 

usually more interested in solutions of the latest generations of the algorithm (especially the optimal Pareto 

front set), the parameter can also be tested in future depending on the adaptive epsilon value of the latest 

generations (or last generation), instead of the first one. Also, the reference point can be moved at the same 

time. For example the algorithm can be run with reference point (-1, -1.8284) to approximate C depending 

on the adaptive epsilon value of the last generation in line with 0.05, 0.03, 0.005, and 0.001. 

 Another future work can test dependability of  C to the lower limit of the adaptive epsilon value. 

 GP of the obtained solutions is only applicable in single comparisons (i.e. comparing 1 replication of a setting 

with 1 replication of another one). In future studies, it can be modified for group comparisons, where for 

every single group of an algorithm setting presents the development of solutions among the group. As we 

used the other measures to summarize and present 10 replications of AE-R-NSGA-II algorithm in one 

diagram for every single measure. Although, we can apply the attainment surface measure in this regard, 

but, GP can give a different view of the development of the obtained solutions to decision makers. 

 In this study, we tested only one reference point for running the algorithm. As a future research, two or 

more reference points can be set at the same time to evaluate the algorithm. This also can be used to modify 

the performance measures such as RPC, where they are only applicable when 1 reference point is set.  They 

can be modified for cases with more than 1 reference point. 

 Moreover, in future, normalization method of calculation can be modified for group comparisons, in which 

1 (focused) hypercube can be set (automatically or manually) for a group, instead of different (focused) 

hypercubes.  
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Appendix A: OPTIMISE research project 

OPTIMisation using Intelligent Simulation Tools or OPTIMIST project (cf. http://www.his.se/optimist/) is 

a multi-disciplinary project (industrial engineering & computer science); it has been proposed and developed at 

the University of Skövde, and supported by the Knowledge Foundation (cf. http://www.kks.se/), and two 

industrial partners, including Volvo Cars Engine (Skövde) and Volvo Technology (Gothenburg); this research 

project focuses on the development of methods, algorithms, and tools for intelligent simulation-based 

optimization of real world industrial problems (Ng, et al., 2007). 

Some results obtained in this project are applied in the guidelines for developing and managing future 

simulation models for the purpose of optimization; in fact, this state-of-the-art simulation technology referred 

to as simulation-based intelligent optimization has been introduced in order to facilitate the system design and 

daily operations, especially for real-time decision making and/or weekly/daily operations planning, in industry 

(Ng, et al., 2007).  

These have been done through the development of a web-based software environment, called OPTIMISE 

(OPTIMisation using Intelligence Simulation and Experimentation); this platform is designed in order to handle 

the major barriers, which limit the application of simulation in general or SBO in particular in industry in terms 

of the decision making support, as follows: (i) complexity of the application and integration of available tools, 

(ii) unacceptable long computing time and high computing cost of the real-world problems (Ng, et al., 2007).  

In OPTIMISE platform, Discrete Event Simulation (DES) systems, AI based optimization tools, and web 

services are integrated with information systems in industry to facilitate the simulation and optimization runs. 

The platform facilitates research on metamodel-assisted simulation optimization using soft-computing 

techniques. It has provided some tools for researchers to be able to develop and evaluate AI algorithms (Ng, et 

al., 2007).  

Posten AB, Volvo Aero, Volvo Cars Engine, Volvo Powertrain, and Volvo Technology are among the 

different enterprises in Sweden that use this platform; also, several industrial-based case studies have been 

handled by this platform (Ng, et al., 2007).  

The most important advantage of the application of the platform is that while a team of specialists, called 

Optimization Service Providers (OSP), monitor and maintain the complex optimization and simulation 

components remotely, the enterprise stakeholders such as managers and engineers are able to exploit the vast 

capabilities of the platform in order to handle their projects (Ng, et al., 2007) (Anna, et al., 2007).  

OPTIMISE is a web-based parallel and distributed computing platform for SBO. Parallel and distributed 

simulation (PADS) is a computing technology, including multiple processors and a communication network 

(Internet or Intranet), integrated in order to speed up the execution of a simulation program while running many 

replications; later, with the advent of Internet, Web-based PADS referred to as WPADS, has been introduced by 

researchers, which enables users to remotely access and execute the simulation programs over the web (Ng, et 

al., 2007) (Fujimoto, (2000); Eissen & Stein, (2006) as cited in (Ng, et al., 2007)).  

OPTIMISE platform integrates different algorithms (various metaheuristic search algorithms), neural 

network based meta-models, deterministic/stochastic simulation systems, and corresponding database 

management system; these are accessible through eXtended Markup Language (XML) and Web Services 

technology, which have provided multiple users to run experiments and optimizations  . Since 1985, prior to the 

OPTIMISE platform, some other similar platforms have been introduced and applied in industry (cf. (Ng, et al., 

2007)) (Anna, et al., 2007). 
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The OPTIMISE platform has three tires: (i) Web Server, (ii) Optimization, and (iii) Simulation, as shown in 

Figure 0.1, and Figure 0.2 (Ng, et al., 2007) (Anna, et al., 2007). 

 

Figure 0.1: The OPTIMISE platform (Ng, et al., 2007). 

 

Figure 0.2: The OPTIMISE platform layout. 
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