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Abstract	  
The	  effect	  of	  the	  element	  length	  is	  examined	  in	  modelling	  crack	  growth	  in	  fatigue	  loading	  of	  an	  
adhesive	  joint.	  This	  is	  done	  for	  a	  cohesive	  element	  using	  an	  expression	  for	  the	  damage	  evolution	  
developed	  at	  the	  University	  of	  Skövde	  which	  is	  implemented	  using	  the	  UMAT	  subroutine	  in	  the	  
FE-‐solver	   Abaqus.	   These	   analyses	   are	   done	   for	   pure	   mode	   I	   loading	   by	   analysing	   a	   DCB-‐
specimen	  loaded	  by	  a	  pure	  moment.	  	  

An	  expression	  is	  developed	  in	  which	  the	  critical	  element	  length	  is	  dependent	  on	  the	  geometry	  of	  
the	   specimen	   (in	   the	   form	  of	   the	  wave	  number	   of	   the	   adhesive	   joint),	   the	   element	   length,	   the	  
material	   properties	   of	   the	   adhesive	   (in	   form	   of	   the	   material	   parameters	  𝛼,	  𝛽,	  𝜎!"),	   the	   load	  
applied	  (in	  form	  of	  the	  stress	  in	  the	  crack	  tip),	  the	  time	  step	  used	  in	  the	  analysis	  and	  the	  crack	  
growth	  rate.	  

It	   is	  shown	  that	  the	  results	  converge	  by	  decreasing	  the	  element	   length	  and	  the	  time	  step	  used.	  
Therefore	  an	  expression	  for	  the	  crack	  growth	  rate	  as	  a	  function	  of	  the	  remaining	  parameters	  can	  
be	   determined.	   Another	   expression	   is	   thereafter	   developed	   for	   the	   element	   length	   needed	   in	  
order	  to	  get	  a	  crack	  growth	  rate	  within	  a	  certain	  range	  of	  the	  critical	  element	  length.	  The	  results	  
show	  a	  regular	  pattern	  but	  are	  not	  monotone.	  Therefor	   two	  different	  definitions	  of	   the	  critical	  
element	  length	  are	  tested,	  either	  by	  defining	  the	  critical	  element	  length	  as	  the	  point	  where	  the	  
error	  is	  greater	  than	  an	  arbitrary	  boundary	  of	  1	  %	  of	  a	  converged	  result	  or	  where	  a	  least	  square	  
approximation	   of	   the	   error	   is	  within	   1	  %	   of	   the	   converged	   results.	   The	   first	  method	   shows	   a	  
highly	  irregular	  result	  which	  makes	  it	  difficult	  to	  develop	  an	  expression	  out	  of	  these	  results.	  The	  
second	  method	  on	  the	  other	  hand	  gives	  results	  that	  are	  predictable	  enough	  to	  develop	  a	  function	  
out	   of	   them.	   This	   is	   done	   using	   a	   regression	   analysis	   with	   all	   parameters	   of	   a	   third	   order	  
expression	  in	  order	  to	  get	  an	  expression.	  

Keywords:	   Adhesive	   joints,	   Cohesive	   elements,	   Convergence,	   Crack	   growth	   rate,	   Damage	  
Mechanics,	  DCB,	  Element	  Size,	  Fatigue	  
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Nomenclature	  
𝑎 Crack length [m] 

𝑎! Initial crack length [m] 

𝑏 Width of adhesive [m] 

𝐵 Width of adherends [m] 

𝐷 Damage [-] 

𝐸 Effective Young’s modulus of adhesive [Pa] 

𝐸!,! Young’s modulus of the adherends [Pa] 

𝐹!,! Longitudinal reaction forces in adherends [N] 

𝐺 Shear modulus of adhesive [Pa] 

ℎ Thickness of the adhesive layer [m] 

𝐻!,! Thickness of the adherends [m] 

𝐼 Moment of inertia [m4] 

𝐽 Strain energy release rate [J/m2] 

𝐽! Critical strain energy release rate [J/m2] 

𝐾 Stiffness of damaged cohesive elements [N/m3] 

𝐾! Initial stiffness of cohesive elements [N/m3] 

𝑙 Element length [m] 

𝑙! Critical element length [m] 

𝑙! Length of the process zone [m] 

𝐿 Length of the DCB - specimen [m] 

𝑀!,! Reaction moments in adherends [Nm] 

𝑛 Number of element [-] 

𝑁 Loading cycles/Pseudo time [-] 

𝑁! Critical loading cycles [-] 

𝛥𝑁 Time step [-] 

𝛥𝑁! Critical time step [-] 

𝑃 Force applied to loading point in DCB specimen [N] 

𝑢 Longitudinal displacement [m] 

𝑣 Shear displacement [m] 



viii 
 

𝑉!,! Reaction shear forces in adherends [m] 

𝑤 Peel displacement  [m] 

 

𝛼 Material constant for the adhesive [1/s] 

𝛼 Material constant for the adhesive [1/Paβs] 

𝛽 Material constant for the adhesive [-] 

𝛥 Displacement of the loading point in a DCB specimen [m] 

𝜅! Wave number in the normal direction [1/m] 

𝜅! Wave number in the transversal direction [1/m] 

𝜎 Element traction force, stress [Pa] 

𝜎 Effective stress [Pa] 

𝛥𝜎 Stress range [Pa] 

𝜎! Normalizing stress [Pa] 

𝜎!"# Maximum stress per loading cycle [Pa] 

𝜎! Stress in crack tip [Pa] 

𝜎!" Threshold stress [Pa] 

υ Poisson’s ratio of adhesive [-] 

 

Abbreviations	  
DCB Double Cantilever Beam 

FEM Finite Element Method 

SERR Strain Energy Release Rate 
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1. Introduction	  
Adhesives are a common type of joint that can be found in many types of products. One of the reasons 
for this is the low cost compared to other joining techniques. In the aerospace industries adhesives 
joints have been used for a long time and the use of adhesive joints are increasing in the automotive 
industries. An important difference between the aerospace industries and the automotive industries are 
the number of units manufactured per years and therefore the aerospace industries can have more 
control and tests to make sure that the quality of the adhesive joints are sufficient. In the automotive 
industries they need to be able to mass-produce without controlling every adhesive joint in every unit. 
At the same time it is necessary to reduce the weight of the vehicle to be able to compete with other 
companies in the automotive industry, which could be achieved by using adhesive joints, as it will 
decrease the fuel usage. 

To be able to use adhesives joints in such precision for products in fatigue loading it is necessary to be 
able to model this numerically. Several different models for simulation of static and fatigue loading of 
adhesive joints using the Finite element method, FEM, have been developed. A review of the fatigue 
models in existence have been made by Pascoe et al. (2013). Another calculation model of fatigue in 
adhesives has been developed at the University of Skövde which is based on the principles of 
continuum damage mechanics. 

In FEM there is a compromise between the accuracy of the models and the computational cost 
necessary. Therefore it is useful to determine the size of the elements needed to give an accurate 
model of a problem. 

This chapter describes the background, purpose, delimitations and the final goals of the project. 
Chapter 2 discuss the theory behind the finite elements used in the analyses, chapter 3 the 
development of the expression for the critical element size, chapter 4 the finite element analyses, 
chapter 5 show the results, chapter 6 discusses the results of the thesis and in chapter 7 the conclusions 
of this thesis are drawn. 

1.1 Background	  
The model, for which the work in this project was performed, was developed in the Fatigue of 
adhesively bonded structures KK HÖG project at Mechanics of Materials (MechMat) research group at 
the department, School of Engineering Science at the University of Skövde. 

 

Figure 1.1: The crack length over the different load cycles (pseudo time), Eklind (2014). 

The damage law and its elemental implementation have been tested in FE-model of a DCB specimen 
and compared to experimental data (Eklind, 2014). In these models it has been found that analyses 
with too large elements stops prematurely, as the damage evolution stops, as can be seen in figure 1.1. 
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This is contradictory to both experimental testing of the material, and analyses with the same setup 
except for having a finer mesh for which the model approaches a critical amount of cycles at which 
fracture occurs. These concepts, such as the model used, are described more in depth in chapter 2. 

Similar limitations for the minimum size of the cohesive elements have been developed previously. 
Turon et al. (2007) states that the minimum number of elements needed in the analyses in order to get 
an accurate result is governed by the amount of elements needed to accurately model the cohesive 
zone at the crack tip. Turon et al. also suggest a remedy, besides increasing the number of elements. 
Similarly a study has been done by Hermes (2010) in which the minimum number of elements for a T-
peel, DCB and ENF specimen was determined.  

When structures are analysed, the cost decrease with an increase in mesh size. If too large mesh size is 
used the results of the analysis will be unreliable. But by using too fine mesh size the analyses cost 
will be unnecessarily high. Therefore it is necessary to have good knowledge of how large mesh size is 
needed and what parameters it is dependent on.  

1.2 Purpose	  
By testing adhesive joints in fatigue the purpose is to estimate the necessary element size of the 
element and develop an expression for this. This thesis develops an expression for the critical element 
size for the damage law developed in MechMat and its UMAT element implementation using single 
linked damage mechanics. 

1.3 Delimitations	  
The FE-analyses will primarily be done using a DCB - specimen (Double Cantilever Beam) with a 
single geometry. The analyses will be done in 2D models using Abaqus cohesive elements (COH2D4) 
together with a constitutive equation defined in a UMAT subroutine. 

1.4 Goals	  
The aim is to estimate the critical mesh size for fatigue analysis with the damage law developed by 
MechMat. This law should describe the dependence of the mesh size relative to material parameters of 
the adhesive and the material parameters of the adherend. This means that the smallest required mesh 
size can be determined before running a complex analysis. For this to be possible the relation needs to 
be independent of the stress range, ∆𝜎, applied to the elements. 

The model should be able to do this for: 

• Any geometry of the specimen 
• Any load level 
• Any type of adhesive 
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2 Theory	  
This chapter is about the elementary theory of modelling crack propagation in adhesives. In chapter 
2.1 the stress distribution in an adhesive joint is described. In chapter 2.2 the difference between 
continuum damage mechanics and fracture mechanics are explained. Chapter 2.3 describes the 
constitutive relations of the cohesive zone model for adhesives followed by an explanation of the 
damage parameters and the cohesive elements used in chapter 2.4. In 2.5 and 2.6 the critical element 
length and the critical time step are defined. 

2.1 Stress	  behaviour	  in	  elastic	  adhesive	  joints	  
The deformation of an adhesive layer is dominated by two deformation modes. In the vertical direction 
so called peel deformation,   𝑤  (figure 2.1, left) and in the transverse direction so called shear 
deformation,  𝑣 (figure 2.1, middle). The stress that corresponds to peel deformation is denoted 𝜎 and 
the stress that corresponds to shear deformation is denoted, 𝜏. When peel and shear deformation act at 
the same time mixed mode occurs (figure 2.1, right). 

 

Figure 2.1: The deformation modes for a cohesive element for pure peel, mode-I deformation (left) in pure shear, mode-II 
deformation (middle) and in mixed mode-I and II deformation (right). 

This thesis considers primarily shear and peel deformation separately and with the simplification that 
both adherends of the DCB specimen are equal. By studying an infinitesimal section of a single-layer 
joint, equations for the stresses in the adhesive joint can be derived. This has been shown by both 
Alfredsson (2004) and Högberg (2004) of which the proof presented in this thesis is based on 
Högberg. 

 

Figure 2.2: Free body diagram of an infinitesimal element, dx. Based on a figure by Högberg (2004). 

Figure 2.2 shows an infinitesimal section of a single-layer adhesive joint with forces and moments 
acting on the element. In the figure, 𝑀!,! are moments acting on the adherends, 𝐹!,! are normal forces 
acting on the adherends and 𝑉!,!  are shear forces acting on the adherends. Forces with the denotation, 
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𝑑 means a small change in force. By equilibrium for the horizontal direction, the vertical direction and 
for the moment Eq. (2.1-3) are derived. 

d𝐹! + 𝑏  𝜏 𝑥 d𝑥 = 0 d𝐹! − 𝑏  𝜏 𝑥 d𝑥 = 0 (2.1 a, b) 

d𝑉! + 𝑏  𝜎 𝑥 d𝑥 = 0 d𝑉! − 𝑏  𝜎 𝑥 d𝑥 = 0 (2.2 a, b) 

d𝑀! − 𝑉!d𝑥 + 𝑏  
!!
!
𝜏 𝑥 d𝑥 = 0 𝑑𝑀! − 𝑉!d𝑥 + 𝑏  

!!
!
𝜏 𝑥 d𝑥 = 0 (2.3 a, b) 

In these equations 𝑏 is the width of the adherends and the adhesive, 𝐻!,! are the thickness of the two 
adherends, notation 1 corresponds to upper adherend and notation 2 to the lower adherend. Using 
constitutive equations to modelled adherends as linear elastic Euler Benoulli beams in plane stress 
gives Eq. (2.4-5). 

𝐹! 𝑥 = 𝑏𝐸!𝐻!𝑢!! (𝑥) 𝐹! 𝑥 = 𝑏𝐸!𝐻!𝑢!! (𝑥)  (2.4 a, b) 

𝑀! 𝑥 = −𝑏   !!!!
!

!"
𝑤!!! 𝑥  𝑀! 𝑥 = −𝑏   !!!!

!

!"
𝑤!!! 𝑥   (2.5 a, b) 

Where 𝐸!,! are the Young’s moduli for the upper and lower adherends. Longitudinal and vertical 
displacement for the adherends are denoted   𝑢!,! and  𝑤!,!, respectively. By assuming that the stress 
and strain are constant through the whole thickness of the adhesive layer Högberg (2004) derives Eq. 
(2.6-7) from linear elasticity. 

𝜎 𝑥 = !
!
𝑤(𝑥)    (2.6) 

  𝜏 𝑥 = !
!
𝑣(𝑥)    (2.7) 

In these expressions 𝐺  is the shear modulus of the adhesive defined according to Eq. (2.9) and ℎ is the 
thickness of the adhesive layer (ed. Sundström,2010) 

𝐺 = !
! !!!

.     (2.9) 

𝐸 is the effective Young’s modulus of the adhesive and can be derived from Hooke’s law (ed. 
Sundström, 2010) Eq. (2.10-11) when a thin adhesive layer is constrained between two stiff adherends 
(𝜀! = 𝜀! = 0, 𝜎! = 𝜎!) where 𝐸 is the Young’s modulus of the adhesive, 𝜀!,!,! are the strains of the 
adherends in 𝑥, 𝑦 and 𝑧- direction and 𝜎!,!,! are the stresses of the adherends in 𝑥, 𝑦 and 𝑧- direction. 

𝜀! =
!
!
𝜎! − 𝜈 𝜎! + 𝜎!       (2.10) 

 𝜀! =
!
!
𝜎! − 𝜈 𝜎! + 𝜎! = !

!
𝜎! 1 − 𝜈 − 𝜈𝜎!   (2.11) 

The stress in the 𝑥   direction, 𝜎! can be expressed in terms of the stress in the 𝑧- direction, 𝜎! and 
Poisson’s ratio, 𝜈, as seen in Eq. (2.12) if setting the strain in Eq. 2.11 to zero. By combining Eq. 
(2.12) and Eq. (2.10) the strain in the z-direction can be expresses as Eq. (2.13). 

 𝜎! = 𝜎! =
!

!!!
𝜎!    (2.12) 

 𝜀! =
!
!
𝜎! − 2𝜈

!
!!!

𝜎!     (2.13) 
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The stress in 𝑧- direction can hence be expressed as 

𝜎! = 𝐸 !!!
(!!!)(!!!!)

𝜀!.    (2.14) 

Hence the effective Young’s modulus,  𝐸 is expressed according to Eq. (2.15),  

𝐸 = ! !!!
!!!! !!!

.    (2.15) 

The displacement terms   𝑤  and   𝑣  are defined by the displacement of the adherends in their 
corresponding direction. The peel displacement, 𝑤 is defined as the separation of the two adherends in 
the vertical direction shown in Eq. (2.16). 

𝑤 𝑥 = 𝑤! 𝑥 − 𝑤!(𝑥)    (2.16) 

It is assumed in Eq. (2.16) that the changes in thickness of the adherends are small and negligible 
compared to the peel deformation of the adhesive layer. The shear displacement,  𝑣, is the difference in 
the horizontal displacement of the two adherends. It depends partially of the longitudinal displacement 
and also on the rotations of the adherends. Högberg (2004) shows the deformation in shear, 𝑣 as Eq. 
(2.17) in figure 2.3. 

𝑣 𝑥 = 𝑢! 𝑥 − 𝑢! 𝑥 + !!
!
𝑤!! 𝑥 + !!

!
𝑤!! 𝑥   (2.17) 

 

 

Figure 2.3: Longitudinal and rotational displacement of a deformed adhesive joint (Högberg (2004)). 

The constitutive relation of the adhesive-layer can be divided in three main groups, either for 
unbalanced, balanced or symmetric specimen. With unbalanced means that that relations between the 
thickness and Young’s modulus of the adherends are different, 𝐸!𝐻! ≠ 𝐸!𝐻!, balanced adherends 
means that the same relations are equal, 𝐸!𝐻! = 𝐸!𝐻! and a symmetric adherends means that Young’s 
modulus and the thickness are equal for the adherends, 𝐸! = 𝐸!,𝐻! = 𝐻!. 

Högberg (2004) uses equilibrium and compatibility equations to connect the adhesive layer and the 
adherends. The two coupled differential equations in Eq. (2.18) can be derived from Eq. (2.1-5). With 
this equation Högberg (2004) has developed an expression for the relations of a single-layered 
adhesive joint.  

𝑤!" 𝑥 − 𝐴𝑣! 𝑥 + 𝐵𝑤 𝑥 = 0   (2.18a) 

𝑣!!! 𝑥 − 𝐶𝑣! 𝑥 + 𝐷𝑤 𝑥 = 0   (2.18b) 
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with the cross-section parameters 𝐴, 𝐵, 𝐶 and 𝐷 that Högberg (2004) have proven can be described 
according to 

 𝐴 = 𝐴! − 𝐴!  𝐴! =
!!
!

!
!!!!

!   (2.19a, b) 

 𝐵 = 𝐵! − 𝐵!  𝐵! =
!"!
!

!
!!!!

!   (2.20a, b) 

 𝐶 = 𝐶! − 𝐶!  𝐶! =
!!
!

!
!!!!

   (2.21a, b) 

 𝐷 = 𝐷! − 𝐷!  𝐷! =
!!
!

!
!!!!

!.   (2.22a, b) 

In these equations the constants  𝐴, 𝐵, 𝐶 and 𝐷 are described with seven earlier known parameters 
𝐻!,!,𝐸!,!, ℎ,𝐺 and 𝐸. From this Högberg (2004) introduces four new parameters to transform the 
seven parameters to four dimensionless parameters 

 𝛴 = !!
!!

 𝜂 = !!
!!

 𝑠! =
!!
!

!
!!

 𝑠! =
!
!

.  (2.23a,b,c,d) 

With these four new parameters and the length parameter 𝐻! the cross section parameters Eq. (2.19-
22) can be rewritten as 

 𝐴 = !
!!!

!!!!!
!!!!

  𝐵 = !"
!!!

!!!!!
!!

   (2.24a, b) 

 𝐶 = !
!!!

!!!!
!!!!

  𝐷 = !
!!!

!!!!!
!!

 .  (2.24c, d) 

To notice is that  𝐷 = 𝑠!𝐴, and if the specimens are symmetric the parameters  Σ = 𝜂 = 1. A normal 
assumption is that the adherends are a lot stiffer than the adhesive layer, i.e. that  𝑠! ≫ 1.  

In this thesis only symmetric specimens are studied. This can be solved in the same way as a balanced 
specimen. For a balanced and symmetric specimen  𝐸!𝐻!! = 𝐸!𝐻!! also parameters  𝐴 = 𝐷 = 0. This 
simplification makes the previously coupled differential equation (Eq. (2.18)) into uncoupled 
differential equations 

𝑤!" 𝑥 + 𝐵𝑤 𝑥 = 0    (2.25a) 

𝑣!!! 𝑥 − 𝐶𝑣! 𝑥 = 0    (2.25b) 

Högberg (2004) states that these can be solved using the general solution according to 

𝑤 𝑥 = 𝑒!!!! 𝐶! sin 𝜅!𝑥   +   𝐶! cos 𝜅!𝑥 + 𝑒!!! 𝐶! sin 𝜅!𝑥   +   𝐶! cos 𝜅!𝑥  (2.26a) 

𝑣 𝑥 =   𝐶!𝑒!!! +   𝐶!𝑒!!!! + 𝐶!   (2.26b) 

where 

𝜅!! =
!!
!

!
!!!!!

+ !
!!!!!

    (2.27) 

𝜅!! =
!!
!

!
!!!!

+ !
!!!!

.    (2.28) 
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𝜅! and 𝜅! are the wave numbers for an adhesive layer, 𝜅! corresponding to deformation in peel (𝑤) 
and 𝑛 stands for normal direction, 𝜅! corresponding to deformation in shear (𝑣) and 𝑡 stands for 
transverse direction. This equation can be written as 

𝜅!! =
!!
!

!
!!,!!!,!!

    (2.29) 

𝜅!! =
!!
!

!
!!,!!!,!

    (2.30) 

for a symmetric DCB specimen where 𝐸! = 𝐸! = 𝐸!,!,𝐻! = 𝐻! = 𝐻!,!. These wave numbers will be 
used to develop an expression for the critical element length. 

2.1.1 Stress	  distribution	  ahead	  of	  crack	  tip	  with	  a	  constant	  bending	  moment	  
In a specimen of infinite length the displacement can be assumed to approach zero at a distance from 
the loading point that approaches infinity. Since 𝜅! > 0, this means that the constants 𝐶! and 𝐶! in Eq. 
2.26a are 

𝐶! = 𝐶! = 0.     (2.31) 

The boundary conditions used to find the constants 𝐶! and  𝐶! are 

𝑀! 𝑥 = 0 = 𝑀  and  𝑉! 𝑥 = 0 =   0.    (2.32) 

The moment is related to the normal displacement as previously stated in Eq. (2.5 a, b). 

From Eqs. (2.1a, 2.4a, and 2.5a) an expression for the shear force can be derived in which a symmetric 
beam has been assumed. 

𝑉! 𝑥 = −𝐸!
!!!!

!"
𝑤!!!!(𝑥)    (2.33) 

By differentiating Eq. (2.26a) and substituting the boundary conditions in Eq. (2.5 a and 2.33) it is 
possible to solve for the remaining unknown constants. 

𝐶! = −𝐶! =
!

!!"!!!
    (2.34) 

The solution of Eq. (2.26) after substituting all constants is 

𝑤 𝑥 = !!
! !!!!!

𝑒!!!! cos 𝜅!𝑥 − sin 𝜅!𝑥 .  (2.35) 

 

2.2 Continuum	  damage	  mechanics	  and	  fracture	  mechanics	  approach	  
The crack propagation can mainly be modelled using a fracture mechanics approach or using 
continuum mechanics. In fracture mechanics the actual cracks are modelled throughout the crack 
surface while the continuum damage mechanics assumes a continuous surface, modelling the void 
nucleation ahead of the crack front.  

The finite elements based on the fracture mechanics models expresses the crack propagation in terms 
of the strain energy release rate (SERR) or stress intensity factor (SIF) in a relation related to Paris’ 
law. The elements using the cohesive zone model on the other hand expresses the progress of a locally 
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defined damage parameter to the number of cycles, thereby having a value for each point in the 
adhesive. Since the plastic zone used in Linear Elastic Fracture Mechanics (LEFM) usually is larger 
than the adhesive layer in adhesively bonded joints these theories are not applicable for these kinds of 
problems. This makes the Continuum damage mechanics approach interesting in modelling adhesive 
joints whose main problem on the other hand is that the direction of the crack needs to be prescribed. 
When modelling crack propagation in two surfaces bonded by an adhesive this is easily done by 
assuming that a crack will grow through the adhesive. 

2.3 Constitutive	  laws	  for	  fracture	  of	  adhesive	  
The cohesive models define a relation between the displacements and the traction forces. These 
originate from the models by Barenblatt (1962) and Dugdale (1960), in which crack propagation of 
cracks in steel are modelled. This constitutive relation is called the traction-displacement relation. 
Such relations have been developed by Hutchinson and Tvergaard, Cui and Wisnom, Needleman and 
others. A common constitutive law used in finite elements is the bilinear relation in figure 2.4.  

 

Figure 2.4: A bilinear traction-displacement relation. 

The area under the traction-displacement relation is defined as the critical energy release rate, 𝐽!, 
which is the change in the potential energy from the material by the change in cracks surface area 
during uncontrolled crack propagation. This together with the tripping traction 𝜎! and the initial 
stiffness 𝐾! are the key parameters of these models. 

2.3.1 Double	  linked	  damage	  theory	  	  
As a material is loaded in fatigue there will form microvoids which affect the material properties when 
seen as a continuum. One way to model the degradation of the material properties during loading is 
that of damage mechanics which originates from the work of Kachanov (1958). Damage is represented 
by the parameter D which is a local scalar parameter where a damage of 𝐷 = 0 means that the material 
has its original properties and a local damage of 𝐷 = 1 means that the material locally is completely 
damaged. 

There are several different definitions of damage. One definition is that of effective stress in which the 
effective stress  𝜎 is the stress carried by the material if the cross section area is reduced according to 
Eq. (2.36).  

𝜎 = !
!!!

     (2.36) 
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It can be shown that this will affect the elasticity of the material which will affect the stiffness of the 
traction-displacement relation  

𝐾 = (1 − 𝐷)𝐾!    (2.37)  

This is also shown in figure 2.4 and means that the initial stiffness corresponds to an element with 
damage  𝐷 = 0. As the damage evolves the slope of the initial part of the curve decrease until a final 
slope of 𝐾 = 0 when  𝐷 = 1. This model in which the stiffness of the adhesive is affected by the 
damage is called Double linked damage theory 

2.3.2 Single	  linked	  damage	  theory	  	  
The simplest use of the damage theory is to determine if a section can carry any load or not, where 
damage,𝐷 = 1 represents that the area cannot carry any load and the element is removed. Until the 
element is completely damaged the stress does not have any effect on the material and the element 
keeps its original properties. This is called single linked damage mechanics. 

Previous work studied have been doing research using double linked damage mechanics. In the thesis  
single linked damage mechanics will be used to study if the same results can be obtained as if double 
linked damage theory is used. It is assumed that the analytical solution of the problem will be easier to 
derive and less iteration will be needed in the FE-solution using the single linked damage theory. 

2.3.3 Stress	  in	  adherends	  
If fatigue loading is assumed, then the second part of the constitutive law is neglected. Instead the 
material can be assumed to be linear elastic and the stress can therefore be express as  𝜎(𝑥) = 𝐾!𝑤(𝑥). 
This gives that the expression for the stress Eq. (2.38) derived from Eq. (2.35) 

𝜎 𝑥 = ! !!
!

!!
!!,!!!

𝑒!!!! cos 𝜅!𝑥 − sin 𝜅!𝑥   (2.38) 

where the stress at the crack tip, i.e. when 𝑥 = 0, can be expressed as 

𝜎! =
! !!
!

!!
!!,!!!

= !!!!!

!
.    (2.39) 

The same result for the stress in the crack tip has been derived using the J-integral by Rice (1968), that 
shows 

𝐽 = !"!!

!!,!!!!!
.     (2.40) 

2.3.4 Process	  zone	  
When an adhesive is loaded in peel, the cohesive zone model will be active within a distance from the 
crack front called the process zone. Turon et al. (2007) states that there are several different methods 
to determine the length of the process zone done by authors such as Irwin, Dugdale, Barenblatt, Hui, 
Falk, Rice and Hillerborg. All of these models relate the cohesive zone to the critical energy release 
rate,  𝐽! , the Young’s modulus, 𝐸  of the adhesive and the tripping traction, 𝜎! , of the traction-
displacement relation. Turon et al. expresses this as a relation according to Eq. (2.41), where 𝑅 is a 
model specific parameter as seen in table 2.1. 

 𝑙! = 𝑅𝐸 !!
(!!)!

     (2.41)  
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Table 2.1: Model specific parameter in expression for length of process zone (Turon et al., 2004) 

Author 𝑹 

Hui et al.  2
3𝜋 

Irwin  1
𝜋 

Dugdale , Barenblatt  
𝜋
8 

Rice , Falk et al.  9𝜋
32 

Hillerborg et al.  1 

 

2.3.5 Fatigue	  damage	  
Damage has been used in fatigue by several authors. The Palmgren-Miner’s rule (Miner, 1945) uses a 
definition of damage as the fraction of load cycles to the critical number of cycles until fracture from 
an undamaged state and that these fractions followed the principle of linear summation. 

Creep-fatigue damage can be applied in time dependent problems as well, which was first done by 
Lemaitre (1979). The model of the damage evolution developed at the MechMat department follows a 
power law as seen in Eq. (2.42). Such an expression has also been developed by Graner Solana et al. 
(2010) 

!"
!"

= 𝛼𝜎! = 𝛼 !
!!!

!
.    (2.42) 

In this equation 𝛼 and 𝛽 represent material constants and 𝑁 is the number of cycles as defined in 
figure 2.5. 

  

Figure 2.5: Stress during fatigue loading. N shows one loading cycle. 

Kinloch and Osiyemi (1993) showed that the damage evolution is dependent of the maximum SERR 
as opposed to using the SERR range according to Graner Solana et al. (2010). From this it can be 
assumed that the same should apply to stress, and therefore the model uses the maximum stress as its 
traction force parameter. This means that a loading case as such that is seen in figure 2.5 would be 
modelled as having a static load of the magnitude 𝜎!"#. 

If the damage is assumed not to grow unless it increases above a certain level the threshold stress 
parameter is used. While using this, the stress component is set to zero unless its effective stress is 
greater than the threshold stress. 
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If Eq. (2.42) is modified using the maximum stress, 𝜎!"# , a threshold parameter, 𝜎!"  and a 
normalizing stress, 𝜎!, it is as seen in Eq. (2.43). 

!"
!"

= 𝛼
!!"#
!!! !!!!

!!

!

= 𝛼 !!"#
!!!

− 𝜎!!
!

   (2.43) 

In this expression –  is the Macauley bracket for which the expression within the brackets will be 
zero if the expression in the bracket is negative and remain as it is if positive, i.e. 𝑥 = !

!
𝑥 + 𝑥 . In 

order to simplify the expression the parameters 𝛼 and 𝜎! can be expressed in a material parameter 𝛼. 

𝛼 = 𝛼𝜎!
!!     (2.44) 

2.3.6 Crack	  propagation	  rate	  
Since the cohesive model is based upon Paris law as expressed in Eq. (2.45) according to Pascoe et al., 
(2013) the crack propagation rate can be analytically approximated. Paris law was derived regarding 
crack growth in a solid but was applied to delamination problems by Mostovoy and Rippling (1975).  

!"
!"

= 𝐶𝐽!     (2.45) 

where 𝐶  and 𝑛  are fitting parameters and parameter 𝐽  is defined in Eq. (2.40). An approximate 
expression for these parameters has been derived by Stigh (2014). 

 𝐶 = 2𝛼 (!!!)!

!!
𝐻!! 𝑛 = !

!
   (2.46a, b) 

In this model the threshold stress is assumed to be zero (𝜎!" = 0). The parameter 𝐻!! is a function of 𝛽 
defined in figure (2.6). 

 

Figure 2.6: The parameters 𝐻!! as a function of 𝛽(Stigh, 2014). 

Figure 2.6 is used to approximate the value of the parameter 𝐻!! used in the analytical approximation 

of the crack propagation rate  !"
!"

 in Eq. (2.45). 

2.4 Cohesive	  elements	  
When modelling adhesives in FE-analyses, the cohesive laws of an adhesive joint are implemented 
using a cohesive element. This can according to da Silva and Campilho (2012) be done either using 
the local or the continuum approach. In the local approach the cohesive elements are used to connect 
physically connected solids while they in the continuum approach are used as a substitute of other 
material elements, such as an adhesive, to connect two surfaces that are not actually in contact. The 



School of Engineering Science    
University of Skövde   Master in Applied Mechanics 
 

 
Josefsson, Wedin 12 2014-08-11 

continuum approach has previously been used to model adhesive joints by authors such as Kafkalidis 
and Thouless (2002) and Campilho et al. (2008). This is the approach used for the models in this 
project. 

One of the available elements in Abaqus is the cohesive element COH2D4 (ABAQUS, 2013). This 
element has four nodes with two displacement degrees of freedom in each node and two integration 
points, as seen in figure 2.7. This element is used together with the UMAT subroutine which is used to 
calculate the stiffness matrix of the element with a user written code. 

 

Figure 2.7: Cohesive element (COH2D4) used in FE- solution with 4 nodes and 2 integration points (ABAQUS, 2013). 

2.4.1 Implementing	  Damage	  law	  in	  Abaqus	  
In Abaqus the damage law is applied to the cohesive element as shown in the schematic sketch of 
figure 2.8. An approximation of the change in strain is given to the UMAT subroutine in which the 
corresponding stress can be calculated with the stiffness of the element and the thickness of the 
adhesive layer. The UMAT implementation is based on a code used for double linked damage written 
by Eklind (2014) and has been modified to be applicable to single linked damage theory. 

 

Figure 2.8: Schematic sketch of the calculation of the damage and constitutive matrix of the cohesive matrix. 

The cohesive matrix is used by ABAQUS (2013) to find equilibrium iteratively. 

2.5 Definition	  of	  critical	  element	  length	  
It is not obvious how the critical element length should be defined. The analysis should give a result 
that resembles that of an exact analysis. As the model not necessarily will give the same result as the 
theoretical results that the model is based upon, it is more appropriate to compare the results to a FE-
analysis with a large enough amount of elements such that increasing the amount of elements further 
does not affect the results. The analysis can thereby be said to have converged in regard to the element 

Single Linked Double Linked 

𝐷 = 𝐷 +   𝛼 !
〈 𝜎
1 − 𝐷 − 𝜎!!〉

𝜎!
!

!

Δ𝑁 

𝐷 ≥ 1 𝐷 < 1 

𝜕Δ𝜎
𝜕Δ𝜖

= 𝐾! 

 

𝜕Δ𝜎
𝜕Δ𝜖

= 0 

𝐷 ≥ 1 𝐷 < 1 

𝜕Δ𝜎
𝜕Δ𝜖

= 𝐾!(1 − 𝐷) 

 

𝜕Δ𝜎
𝜕Δ𝜖

= 0 

𝜎 = 𝐾!𝑤 𝜎 = 𝐾!𝑤(1 − 𝐷) 
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size. The critical element length is defined as the element length that gives a crack growth rate within 
1% from the amount where decreasing the element length further does not affect the result 
significantly. 

2.5.1 Convergence	  
If the crack growth rate converges with an increase in the number of elements, the results of an FE-

analysis with a large number of elements are correct and hereby denoted  !"
!"!"##

. The analysis is 

considered to be close enough to the correct value if the error is within one percentage of the correct 
results, where the error, e, is defined as 

𝑒 =
!"
!"!

!"
!"!"##

!"
!"!"##

· 100    (2.47) 

2.5.2 Loading	  case	  
Several possible loading cases could be used in the analyses. When considering experimental data, 
there is an advantage in considering the reaction force applied at the free end of the specimen as it is 
easily measured in a tensile testing machine and is therefore often needed. As no such tests are to be 
done in this project no such restrictions have to be considered in the setup used in this report. By 
applying a moment at the end of the specimen the stress distribution at the crack tip remains constant 
throughout the analysis and the crack growth rate is thereby easily measurable as it will remain 
constant. 

In loading a DCB with a constant moment the crack growth rate will be constant. As the damage 
parameter is calculated in each integration point the crack can only be assumed to be located 
somewhere in between the last integration point with a damage of 𝐷 = 1 and the next node, having a 
damage of  𝐷 < 1. The crack propagation can be approximated from this by calculating the slope of a 
linear curve from this data using the method of least squares. When a simulation starts, 𝐷   =   0 
everywhere as this is the initial condition. It therefore takes some load cycles before a steady state 
develops. Because of this the initial 20% of a simulation is excluded from the calculation of the crack 
growth rate. Moreover, since a limited length of a specimen is modelled, the damaged zone heading 
the crack tip will interfere with the end of the specimen at the final part of a simulation. Therefore, the 
final 30 % of a simulation is also excluded. Thus, the crack growth rate is calculated from 50% of the 
load cycles during a simulation. 

Another solution to this could be to consider the rotation of the loading point instead of the crack 
length when calculating the crack growth rate. This might seem to resolve the issue with the placement 
of the crack tip but in fact suffers from the same issue as the rotation is dependent of the crack length 
and thereby the number of completely damaged elements. The only advantage is that the crack length 
does not need to be calculated from the results which eliminates a step of potential errors in the 
interpretation of the results as the rotation can be extracted directly from the results in Abaqus. 

2.5.3 Interval	  halving	  method	  
As stated in the problem description the results of the analyses are dependent on the size of the 
elements used. By increasing the number of elements the crack growth rate should converge as seen in 

figure 2.9. The value which the results converge towards, !"
!"!"##

, is determined by running two 

analyses where one has twice as many elements (i.e. with half the element size) as the other analysis 
(in figure 2.9 denoted 1 and 2). If the crack growth rates of these analyses are within 0.1 % of each 
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other, these are considered to be correct. If not considered correct, the number of elements in the 
analyses are doubled. This is repeated until an analysis with a correct crack growth rate is determined. 

 

Figure 2.9: Schematic sketch of solution using the interval halving method. 

The critical element length is considered to be the element length that results in a crack growth rate 

within 1% of    !"
!"!"##

. This is determined by running an analysis and comparing it to the correct crack 

growth rate, which for the first analysis has half the amount of elements as the one analysis used to 
determine the correct result with larger elements (in figure 2.9 denoted 3). If the results are within 1% 
of the correct, the amount of elements is decreased by an increment half as large as in the previous 
analysis (in figure 2.9 denoted 5). If the results are further than 1% from the correct the amount of 
elements are on the other hand increased (in figure 2.9 denoted 4). This is repeated until the increment 
eventually is just one element and the point where the error is 1% is reached. To simplify the 
calculations the number of elements in the first analysis is a power of two which makes sure that the 
intervals used always are integers. 

 

Figure 2.10: Results for which the halving method is not possible and needs a least square approximation. The lines show 
where the critical element length is defined by either using the last point with an error e < 1% and the other is defined as the 

point where the regression analysis has an error e <1%. 
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For this definition to be valid, the convergence of the crack growth rate needs to be monotone, 
meaning that by decreasing the element length always gives a crack growth rate closer to the one that 
can be considered to be converged. That was shown not to be the case for some results such as the one 
shown in figure 2.10 and thereby a more approximate method was needed to find correct results and a 
more correct definition of the critical element length. Otherwise an “incorrect” analysis might give a 
result that lies within 1% error even though all surrounding points have a larger error which causes the 
critical element length to be incorrectly determined. 

2.5.4 Least	  square	  approximation	  
In the same sense as with the halving method the correct crack growth rate is considered to be 
achieved when the results have converged within 0.1%.  

Table 2.2: Element length used compared to the desired element length. 

Desired element length 
[mm] 

Element length 
used [mm] 

Number of 
elements 

0.155 0.155 1000 
0.31 0.31 500 

0.465 0.465655 333 
0.62 0.62 250 

0.775 0.775 200 
0.93 0.9281437 167 

1.085 1.083916 143 
1.24 1.24 125 

1.395 1.396396 111 
1.55 1.55 100 

1.705 1.703297 91 
1.86 1.867470 83 

2.015 2.012987 77 
2.17 2.183099 71 

2.325 2.313433 67 
2.48 2.460317 63 

2.635 2.627119 59 
2.79 2.767857 56 

2.945 2.924528 53 
3.1 3.1 50 

 

This is determined by comparing the results of a set of analyses with a desired element length as seen 
in table 2.2 and determining the point of convergence using least square approximation. As the 
number of elements is an integer the actual element lengths used are given in table 2.2. These analyses 
are complemented by more analyses if the convergence cannot be clearly determined. 

2.5.5 Last	  incorrect	  point	  or	  average	  error	  
From these results both the crack growth rate of a converged analysis can be determined as well as the 
critical element length. The critical element length is considered to be the point beyond which no 
analyses are expected to be outside the span in which the error is greater than 1% from the converged 
results. This is approximated by hand as well as aided by the use of the least square method. Thereby 
this method does not give as exact results as with the halving method, but is a lot more likely to 
resemble a correct result. 

The critical element length could also be considered to be the point where a least square 
approximation of all of the results would cross the critical element length. This difference can be seen 
in figure 2.10. 
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2.6 Definition	  of	  critical	  time	  step	  
Having a large time step will have effects on the results as parts of the crack growth are disregarded. 
Therefore a critical time step needs to be considered when determining the critical element size, as the 
results might come to be inaccurate if disregarded. The critical increment size will in this report be 
considered to be an increment size for which the result of an analysis with that increment size does not 
seem to affect the critical element length when decreasing the increment further. 

  



School of Engineering Science    
University of Skövde   Master in Applied Mechanics 
 

 
Josefsson, Wedin 17 2014-08-11 

3 Dimensional	  analysis	  
The first step to finding a relation for the critical element length,  𝑙! is to make a dimensional analysis 
in order to determine if the parameters can be grouped to simplify the analyses. 

The chapter starts with a description of the Buckingham’s Π -theorem in 3.1 followed by an 
explanation of the method of least squares in chapter 3.2. In chapter 3.3 a dimensional analysis is done 
for a specimen loaded by a pure moment and chapter 3.4 shows how element length and the time step 
can be disregarded from the function derived. 

3.1 Buckingham’s	  Π-‐	  theorem	  
The Buckingham’s Π theorem is a key theorem in dimensional analysis, which according to White 
(2002) was first proposed by Lord Rayleigh in his book “The Theory of Sound” from 1877. The credit 
was given to E. Buckingham in 1914 that set the final tone on the theorem. The theorem also has been 
published in independent publications by A. Vaschy in 1892 and D. Riabouhinsky in 1911. 

The first step in the theorem is to define the dimensional variables, what parameters that will affect the 
result, and is often the hardest part. Generally they can be called  𝑞!, 𝑞!… , 𝑞! where n is the number of 
dimensional variables that are physically relevant to the problem. These can be expressed in a 
functional relationship of the form 

𝐹   𝑞!, 𝑞!,… 𝑞!   = 0    (3.1 a) 

or equivalently  

𝑞! = 𝑓(  𝑞!,… 𝑞!  ).    (3.1 b) 

If k is the number of fundamental dimensions units required to describe the n variables, j = (n – k), is 
the number of dimensionless equations that can be expressed in so called Π groups, Π!,Π!, . .Π!!!. To 
express the number j of dimensionless groups, an amount of repeating variables is chosen equal to the 
number of basic units the problem consists of. The repeating variables will be a part of all Π groups. 
The j remaining parameters are combined with the repeating variables to create j number of 
dimensionless Π groups. The dimensionless groups can be written as a functional relationship  

𝐹   Π!,Π!, . .Π!!!   = 0    (3.2 a) 

or equivalently   

Π! = 𝑓(  Π!, . .Π!!!  ).    (3.2 b) 

If the dimensionless groups are correct they are independent and show a dimensionless relation 
between the dimensional variables in the given problem. 

3.2 Principle	  of	  least	  squares	  
Regression analyses are statistical methods of determining the relation within a set of data. One of 
these methods is the least square method in which the sum of the error between the function and the 
data, squared, should be as small as possible. The coefficient of a linear function is calculated 
according to Eq. (3.3-4) (Løvås, 2004). 

𝛽 = (!!!!)(!!!!)!
!!!

(!!!!)!!
!!!

      (3.3) 
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𝛼 = 𝑦 − 𝛽𝑥     (3.4) 

The bar represents the average value of that coefficient and is defined according to Eq. (3.5). 

𝑦 = 𝛼 + 𝛽𝑥     (3.5) 

This method can be expanded to apply for several variables with Eq. (3.5) replaced by 

𝑦 = 𝛼 + 𝛽!𝑥! + 𝛽!𝑥!.     (3.6) 

In this case each coefficient β is solved for separately using Eq. (3.3), and the initial value 𝛼 is solved 
for using Eq. (3.7).  

𝛼 = 𝑦 − 𝛽!𝑥! − 𝛽!𝑥!     (3.7) 

When solving for non-linear relations the same method can be used, but instead of using independent 
variables the different polynomials are used. In other words the variables  𝑥!, 𝑥! and 𝑥! could be 
related as 𝑥! = 𝑥!! and 𝑥! = 𝑥!!. This gives an expression 

𝑦 = 𝛼 + 𝛽!𝑥! + 𝛽!𝑥!! + 𝛽!𝑥!!.    (3.8) 

3.3 Symmetric	  DCB-‐	  specimen	  loaded	  in	  mode-‐I	  with	  single	  linked	  damage	  
theory	  	  

In order to get the critical element size, 𝑙! [m], for a pure mode-I loading of the adhesive the specimen 
is loaded with a pure moment, as seen in figure 3.1. A pure mode-I loading could also be achieved 
with a force applied vertically, but this would give a dependence on the crack length, a, which is 
avoided when loaded with a moment. 

  

Figure 3.1: The loading case for determining the critical element length in pure moment. 

The parameters that could affect the critical element length will be the geometry of the DCB specimen 
(𝐻 [m] and ℎ [m] as defined in figure 3.1), the material parameters of the beams (Young’s modulus, 𝐸 
[kg s-2m-1]), and the damage parameters (𝛼    [m!𝑠!!!!kg!!],𝛽 and 𝜎!![kg  𝑠!!m!!]) and the load M 
[kgm2/s2]. The critical element length does not affect the problem and therefore the element length, l, 
is the parameter used. 

The problem is simplified by using the single linked damage theory. This means that the stiffness will 
be constant. With symmetric adherends the geometry and stiffness can be described by the wave 
number,  𝜅! [m!!], of Eq. (2.27). In the same manner the moment could alternatively be expressed as 
the stress at the crack tip, 𝜎!  [kg  𝑠!!m!!]. 

The convergence of the model has through FE analyses been shown to also be dependent on the crack 

growth rate, !"
!"
  [ms!!] as well as the time step, Δ𝑁  [s]. In analogy with the reasoning for the element 

length, the critical time step does not affect the problem and the time step is used instead. 
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In this dimensional analysis the equation in Buckingham’s Π-theorem, Eq. (3.1 a), will be 

𝐹 𝑙,Δ𝑁,𝜎!,𝜅!,𝛼,𝜎!",𝛽,
!"
!"
   = 0.   (3.9) 

Eq. (3.9) shows that this problem can be formulated in two dimensionless groups as it contains five 
parameters with the three fundamental dimensional units (mass [kg], time[s] and distance[m]). This 
will be expressed in the repeating variables wave number, 𝜅!, the stress in the crack tip, 𝜎!, and the 
material parameter 𝛼.  

𝜫𝟏	   	  
The expression for the first Π-group is 

Π! = 𝜅!
!𝜎!!𝛼!

!"
!"

    (3.10) 

where 𝑞, 𝑟 and 𝑠 are dimensionless constants needed to give a dimensionless expression. The same 
subscripts will be used in all dimensionless groups in this report. It should be noted that these do not 
necessarily have the same value within the different groups.  

For the expression to be dimensionless it needs to fulfil the equation system 

−𝑞 − 𝑟 + 𝛽𝑠 + 1 = 0
−2𝑟 + 2𝛽𝑠 − 𝑠 − 1 = 0

𝑟 − 𝛽𝑠 = 0
 

which is a sum of the exponents in Eq. (3.10) divided between the three fundamental dimensional 
units. 

Solving for 𝑞, 𝑟 and 𝑠 to get Eq. (3.10) dimensionless gives the expression 

Π! =
!"
!"

!!
!  !!

!.     (3.11) 

𝚷𝟐  

The second Π-group will after solving for the dimensionless constants 𝑞, 𝑟 and 𝑠 have the expression 

Π! = 𝛽.     (3.12) 

𝚷𝟑  

The third Π-group will after solving for the dimensionless constants 𝑞, 𝑟 and 𝑠 have the expression: 

Π! =
!!"
!!

.     (3.13) 

𝚷𝟒  

The fourth Π-group will after solving for the dimensionless constants 𝑞, 𝑟 and 𝑠 have the expression 

Π! = 𝜅!𝑙.     (3.14) 

𝚷𝟓  

The fifth Π-group will after solving for the dimensionless constants 𝑞, 𝑟 and 𝑠 have the expression 



School of Engineering Science    
University of Skövde   Master in Applied Mechanics 
 

 
Josefsson, Wedin 20 2014-08-11 

Π! = Δ𝑁𝛼𝜎!
!.     (3.15) 

Eq. (3.2 a) and Eq. (3.11-15) gives the functional expression for the critical element size 

𝐹 !"
!"

!!
!  !!

! ,𝛽,
!!"
!!
, 𝜅!𝑙,Δ𝑁𝛼𝜎!

! = 0.   (3.16) 

3.4 Disregarding	  Π4	  and	  Π5	  
If the crack growth rate converges with a small element size and a small increment size these can be 
disregarded if they are set to have a small enough value. In this way Eq. (3.16) can be rewritten as 

𝐹 !"
!"

!!
!  !!

! ,𝛽,
!!"
!!

= 0    (3.17) 

if given the condition 𝑙 → 0 and Δ𝑁 → 0. 

In the same manner only one of Π! and Π! could be disregarded in order to be able to solve for the 
other. 
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4 Finite	  element	  analyses	  
A DCB specimen is modelled in the FEM program Abaqus. This model is done in two dimensions 
with the thickness being considered within the elements used. The model consists of beam elements, 
B23, which can be considered as elements following Euler-Bernoulli beam theory and cohesive 
elements COH2D4. The cohesive elements are modified using a subroutine of Abaqus called UMAT, 
which can be used to alter the way the constitutive equations of an element are defined. The cohesive 
elements are connected directly to the two beams. As the cohesive elements only have translational 
degrees of freedom this means that the rotations of the beam elements will not be transferred. 

The DCB specimen is loaded by two moments, one at each end of the free part of the beams. The same 
nodes as where the loads are applied also have boundary conditions set to them. One has translation 
locked in both directions and the other has translation in the  𝑥-direction locked. They are both free to 
rotate in any direction. The geometry of the model along with the loading and boundary conditions can 
be seen in figure 4.1. 

 

Figure 4.1: The model of the DCB specimen used in the analyses. 

4.1 Geometry	  
The specimen used has a geometry based on that given by Walander et al. (2014) and can be seen in 
table 4.1. This geometry is thereafter modified when testing the parameters of the models.  

Table 4.1: Measures of the DCB specimen used in the FE analyses unless specified otherwise. 

𝑎 [mm] 𝐿 [mm] 𝐻 [mm] 𝐵 [mm] ℎ [mm] 
85 2.4 6.6 10.5 0.3 

 

The number of beam elements along the free part of the specimen is determined from the number of 
elements along the adhesive part of the specimen so that the length of the elements should be 
proportional when the number of elements is changed. Thereby it is calculated with according to Eq. 
(4.1). 

𝑁!",! =
!!!",!
!!!

     (4.1) 

The brackets in Eq. 4.1 refers to the closest integer less or equal to the expression within the bracket. 

4.2 Material	  parameters	  
Material parameters for a rubber based DOW BetaMate5096 and polyurethane (PUR) DOW 
BetaForce 2850 adhesive have been experimentally determined by Walander et al. (2014). For most of 
the analyses, the material parameters are those given in table 4.2. 
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Table 4.2: Material properties of the adhesive used in the FE analyses unless specified otherwise. 

𝛽 [-] 𝛼 [1/cycle] 𝜎!" [MPa] 𝜎! [MPa] 
1 9.0e-6 0 11.4 

 

4.3 Confirming	  model	  
In order to determine if the finite element model works correctly, analyses are performed for which an 
analytical solution can be calculated as well. In these analyses a prescribed moment of  𝑀 = 300  Nm 
is applied at the end nodes, as seen in figure 4.1. This is done for a range of different number of 
elements, with a predetermined number of elements on the right side of the specimen and a 
corresponding number of elements on the free end, calculated using Eq. (4.1). 

4.3.1 Stress	  
Figure 4.2 shows the stress ahead of the crack tip after zero load cycles. The figure also shows the 
analytical solution as calculated with Eq. (2.43). 

 

  

Figure 4.2: Left: The normal stress in the cohesive elements ahead of the crack tip after the first increment. Right: 
Magnification of the stress in the left figure showing the stress converging towards the analytical solution with an increased 
amount of elements. 

As can be seen, the stress distribution of the analytical solution, and that of the analyses seem to 
follow the same overall pattern and thereby the model used in the analyses seem to be correct 
regarding boundary conditions and implementation of the beam and cohesive elements. The right part 
of the figure shows a magnification of the first negative part in which it can be clearly seen that the 
stress converges towards the analytical solution with an increased number of elements. 

The stress distribution is independent of the time step used and has identical stress distribution for a 
“free” time step length as well as a prescribed. 

Figure 4.3 shows the stress at the crack tip for the different element lengths defined in table 2.2 
compared to the analytical solution calculated with Eq. (2.43). 
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Figure 4.3: Left: The stress in the crack tip, 𝜎!, with different element lengths. 

As the stress distribution and the displacement of the beams are based on the same set of differential 
equations this also shows that the displacement ought to converge with an increased number of 
elements. 
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5 Results	  
In this chapter the results from the FE-simulation described in chapter 4 are presented. This includes 
the effect of increment size, how the element size effect the results, the confirming of the function 
developed from the Buckingham’s Pi’s theorem, and the functions developed from the results of the 
FE-analyses. Element size 

As stated in the problem description, the results of the FE-analyses are affected by the length of the 
cohesive elements. This can be seen in figure 5.1 which shows the crack propagation over time for 
different numbers of cohesive elements. As can be seen this alters, but as the number of elements are 
increased they converge towards a specific crack growth rate. In figure 5.2 this crack growth rate as 
calculated using the method of least squares is shown for the different element lengths. As can be 
seen, this does not approach a specific crack growth rate, but instead fluctuates which can be shown to 
be issued by controlling the increment length used by Abaqus. 

 

Figure 5.1: Left: The crack length during the pseudotime for an analysis with a maximum increment length as large as the 
analysis for four different element lengths, l. Right: Magnification of the first 5000 cycles. 

 

Figure 5.2: The crack growth rate as calculated using the method of least squares from the graphs given in figure 8 for 
different element lengths. 
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5.1.1 Time	  step	  
The results of the FE-model are dependent on the time step used in the model. Abaqus adapts the time 
step but as the damage model is history dependent this can cause issues if the time step is too large. 
The effect of a smaller time step can be seen in figures 5.1-7 where the crack length over time can be 
seen for three different lengths of the time step. With a “free” increment length, as used in figure 5.1, 
Abaqus is allowed to run the entire analysis in one increment if possible, but for example uses a length 
of the time step in the range Δ𝑁 = 192, 722 s when having  𝑙 = 0.155  mm. For the other analyses 
the increment length  Δ𝑁 = 100  s and Δ𝑁 = 10  s are used.  

 

Figure 5.3: Left: The crack length over the pseudo time with a prescribed time step  𝛥𝑁 = 100  𝑠. Right: Magnification of the 
first 5000 cycles. 

With a controlled time step the crack growth rate becomes more stable and the crack growth of each 
element becomes visible. The reason for this is that one or less than one element is damaged in each 
increment, which was not the case with a free time step in which several elements could be damage at 
the same time. 

 

Figure 5.4: Crack growth rate calculated using the method of least squares with the results from figure 5.3. 

The crack growth rate with an increment of 𝛥𝑁 = 100  s has less scatter and could be said that to a 
certain extent converge with an element length of 𝑙 = 1  mm. 

By decreasing the element length further the convergence becomes more apparent. 
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Figure 5.5: Left: The crack length over the pseudo time with a prescribed increment length  𝛥𝑁 = 10  𝑠. Right: Magnification 
of the first 5000 cycles. 

 

Figure 5.6: Left: Crack growth rate calculated using the method of least squares with the results from figure 5.5. Right: The 
error as calculated by Eq.(2.31) by considering the crack growth of the analysis with 𝑙 = 0.155  𝑚𝑚 as correct. 

The effect of the time step on the crack propagation can be seen in figure 5.7. This shows the crack 
growth rate for different increment lengths. The analysis is done with 𝑙 = 0.775  mm.  

 

Figure 5.7: Crack growth rate calculated using the method of least squares with the results from analyses with different time 
steps. 
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5.2 Effect	  of	  time	  step	  
If the length of the time step is larger than the time it takes for the damage to reach 𝐷 = 1 in more 
than one element, the damage evolution in the elements beyond the crack tip will be significantly less 
than if only one element is completely damaged in each increment. This is shown analytically in figure 
5.8 by assuming an infinitely long DCB specimen and calculating stress and damage from the 
analytical solution of Eq (2.43). With this an approximation of the number of elements that should be 
damaged in each time step can be calculated and this is shown for a specimen with element length of 
0.155 mm in the adhesive part and with a range of different lengths of time increments, Δ𝑁. As can be 
seen the number of elements reaching critical damage at the start of the analysis is large but then 
approaches a stable pattern. This is because the distribution of damage in the elements changes as 
damage is developed at the start of the crack propagation, but it will eventually approach a distribution 
in which the damage distribution ahead of the crack tip remain constant as the crack grows. 

 

Figure 5.8: Number of elements in which the damage reaches D=1. This is done analytically assuming a constant stress 
distribution as given by Eq. 2.38 and damage evolution as given by Eq. 2.43 and an element length of 𝑙 = 0.155  𝑚𝑚. 

5.3 Testing	  dimensionless	  groups	  
In order to confirm the function given by the dimensional analysis the parameters needs to be tested. 
Therefore the parameters  𝜅!, 𝜎!

! and 𝛼 are tested to see if the results change with these parameters as 
expected by Eq. (3.16). Thereby Π! and Π! are considered to be independent when considering the 
crack growth rate, and the results are assumed to be independent of Π! when considering the critical 
crack growth rate. This can be done since an increment Δ𝑁 = 10  s is used, which can be considered to 
be small, and therefore should not affect the results. 

As stated previously, the wave number 𝜅! for a beam subjected to normal force as it is when a DCB 
specimen is loaded by a pure moment can be calculated with Eq. 2.27. For this to be valid the beams 
need to be considered as slender which sets some restrictions on the measures of the specimen. 
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Table 5.1: Parameters used and results from testing the effect of 𝜅   

𝜅!  [1/m]	   𝐾!  [GN/m!] 𝐵  [mm] 𝑑𝑎
𝑑𝑁

  [𝜇𝑚/𝑐𝑦𝑐𝑙𝑒] 𝑓(𝛽,
𝜎!"
𝜎!
) 

47.15 0.0045 1.005 20.74177 0.360 
149.1 4.5 10.05 6.526228 0.358 
471.5 450 100.5 2.066667 0.359 

 

In table 5.1 the results of this check can be seen. The error of the analyses compared to the last value 
can be seen in figure 5.9. 

 

Figure 5.9: Convergence of crack growth rate with different values of  𝜅! The horizontal lines show 1% error and the vertical 
lines represent the point of convergence within 1% of the different analyses. 

The crack growth rates correspond to the dependence given in Π! =
!"
!"

!!
!  !!

! and can thereby be 

confirmed. It can be seen in figure 5.9 that the point of convergence is significantly different for the 
three analyses. This confirms the relation in Π! = 𝜅!𝑙 as the critical element length is supposed to be 
proportional to the inverse of 𝜅!. The critical element length for 𝜅! = 47.15  m!! is supposed to be 
𝑙! = 4.74  mm if compared to the results given by the analyses with 𝜅! = 149.1 which explains why 
the error seem to remain roughly zero in the analyses. 

 

Figure 5.10: Convergence of crack growth rate with different values of  𝛼. The horizontal lines show 1% error. 
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Table 5.2: Parameters used and results from testing the effect of 𝛼. 

𝛼    [1/Pa!s]	   𝛼  [𝜇/s]	   𝑑𝑎
𝑑𝑁

  [𝜇𝑚/𝑐𝑦𝑐𝑙𝑒] 𝑓(𝛽,
𝜎!"
𝜎!
) 

6.075e-28 0.9·10-6 0.7037660 0.386 
60.75e-28 9 6.526228 0.358 
607.5e-28 90 - - 

 

The results of the test of the material parameters 𝛼 can be seen in table 5.2 and figure 5.10. 

This shows that the convergence is dependent on the material parameter 𝛼 which seems to contradict 
the dimensional analysis. This is not necessarily true though depending on how the critical element 
length is defined. If considering the last point with 1% error it is incorrect, but when considering the 
pattern of the results, such as that given by a regression analysis, the dimensional analysis is still 
correct as the results approaches the correct value at the same rate. The results with the two larger 
values of 𝛼 are likely having an incorrect value on the last point, which is used to calculate the error. 
This explains the difference in the value calculated for the dimensionless function seen in table 5.2. 
Therefore the dependence of 𝛼 can be considered to be likely, but not confirmed. 

Table 5.3: Parameters used to confirm relation to 𝜎!
!in function given by dimensional analysis. 

𝜎!
!   [𝑀𝑃𝑎!]	   𝑀  [𝑁𝑚]	   𝜎!!  [𝐺𝑃𝑎] 𝑑𝑎

𝑑𝑁
  [𝜇𝑚/𝑐𝑦𝑐𝑙𝑒] 𝑓(𝛽,

𝜎!!
𝜎!
) 

0.0559e+24 8.6415 0.000765 0.880165 0.386 
0.4471e+24 17.283 0.00765 6.526228 0.358 
3.5769e+24 34.566 0.0765 46.54655 0.319 

 

 

Figure 5.81: Convergence of crack growth rate with different values of  𝜎!
!. The horizontal lines shows 1% error. 

The results of testing 𝜎!
!can be seen in table 5.3 and figure 5.11. This analysis suffers from the same 

issues as the confirmation of  𝛼. With the same reasoning this model can be considered to be confirmed 
by looking at the overall pattern, with which the critical element length will be at roughly the same 
point. 
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5.3.1 Testing	  Π1=κnl	  	  
The tests are executed with the standard geometry given in chapter 4. From this the wave number 𝜅 is 
calculated using Eq. (2.29). The material parameters 𝛼 and 𝜎! are kept constant, and from the material 
parameter 𝛽 (Π!) the corresponding material parameter 𝛼 is calculated using Eq. (2.44). As for the 
applied moment, this is calculated to give a crack growth rate in the same order as for the first analyses 
with a moment 𝑀 = 300 Nm and 𝛽 = 1 using the analytical solution given in Eq. (2.45-46). The 
threshold stress is calculated from a predetermined value of  Π! =

!!"
!!

 ranging from 0 to 0.4. Thereafter 

the specimen is modelled in Abaqus from which both the crack growth rate and the critical element 
length can be determined as described in chapter 2.5. From the crack growth and the analytical values 
for 𝜅! and 𝜎! the value for Π! can be calculated. 

The analyses are done using a small time increment Δ𝑁 for which it is assumed that it will not affect 
the results of the analyses. This assumption is based upon what time steps affect the analyses with 
𝛽 = 1 and by checking the results of analyses which have issues with convergence by decreasing the 
time increment for these specifically. The analyses tested have seemed all to be affected by a further 
decrease in time step.  

In figure 5.12-16 the error in crack growth rate as compared to the last value for different values on  Π! 
are shown with different element lengths. It is from these graphs that the critical element length and 
the converged crack growth rate are determined. All of these graphs show that the results ought to 
converge with a decreased element length. It can also be seen that this convergence is harder to define 
with a low 𝛽, and with a low  𝜎!".  
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Figure 5.12-16: Crack growth rate for analyses with different values on  𝛱!, 𝛱!. 

The results of these analyses as well as values for the moment, the threshold stress, the converged 
crack growth rate and the critical element length can be seen in Appendix 1.  

5.3.2 Expression	  for	  Π1	  
The results for Π! =

!"
!"

!!
!!!

! can be shown as it depends on Π! = 𝛽  and Π! =
!!"
!!

  as a surface which 

can be seen in figure 5.17. 

 

Figure 5.17: Relation between 𝛱!,𝛱! and 𝛱! as represented by a surface. 

An expression of the surface is thereafter calculated from the results with a multiple regression 
analysis using the method of least squares. It is apparent that a plane would capture the surface poorly, 
and therefore the additional terms of a complete second order expression Π!!,Π!Π!,Π!!  are used as 
additional parameters in the regression analysis. This results in a surface as seen in figure 5.18. In 
figure 5.19 the error of this expression compared to the experimental results can be seen and the 
coefficients of this expression can be seen in table 5.2. 
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Figure 5.18: Least square regression analysis of results presented in 5.17 using second order terms. 

 

Figure 5.19: Error in percentages of second order regression analysis seen in figure 5.18 as compared to results given by 
Abaqus in figure 5.17. 

These results capture the analytical results poorly with a large Π! and a large value for  Π!. The main 
reason for this is that Π! is smaller in this point than in the rest and therefore the error becomes a lot 
larger in this point then in the rest of the surface. In order to solve this, the same regression analysis is 
performed using a third order polynomial, i.e. by including  (Π!!,Π!!Π!,Π!Π!!,Π!!). The result of this is 
seen in figure 5.20. 
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Figure 5.20: Least square regression analysis of results presented in 5.17 using third order terms. 

This captures the results better as can be seen by figure 5.21 which shows the error between the third 
order regression and the Abaqus results. The biggest problem with this model is that the model has a 
positive second order derivative when 𝛽 > 7 which is not the case in the results given by Abaqus.  

 

Figure 5.21: Error in percentages of third order regression analysis seen in figure 5.20 as compared to results given by 
Abaqus in figure 5.17. 

The constant of the least square regression analyses can be seen in table 5.4 where Π! is expressed as: 

Π! = 𝑘! + 𝑘!Π! + 𝑘!Π! +⋯+ 𝑘!Π! 
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Table 5.4: Constants given by the regression analysis seen in figure 5.18 and 5.20. 

 First order Second order Third order 

𝑘!  0,63318	   0.79695	   0.82056	  

𝑘! (Π!) -‐0,99524	   -‐1.89709	   -‐1.49160	  

𝑘! (Π!) -‐0,04236	   -‐0.11075	   -‐0.16272	  

𝑘! (Π!!) - 0.01374	   -‐0.16611	  

𝑘!(Π!Π!) - 0.00729	   0.02403	  

𝑘! (Π!!) - 2.10007	   2.51605	  

𝑘!(Π!!) - - -‐0.00131	  

𝑘!(Π!!Π!) - - 0.00493	  

𝑘!(Π!Π!!) - - 0.33864	  

𝑘!(Π!!)  - - -‐3.23308	  

 

5.3.3 Expression	  for	  Π4	  
An expression for the critical element length can also be determined from the results presented in 
Appendix 1 or figure 5.12-16. In figure 5.22 an expression is shown in which the last point with an 
error greater than 1% is used. This does not follow a pattern clear enough that an expression for it is 
possible to derive from these results. In general it can be said to have a greater value when Π! and Π! 
are small and is small when Π! and Π! are greater.  

 

Figure 5.22: 𝛱! with the critical element length when defined as the last point with an error greater than 1%. 

When the critical element length on the other hand is defined as the point where the pattern of the 
crack length is within 1% of the converged crack growth rate it results in the surface that can be seen 
in figure 5.23. 
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Figure 5.23: 𝛱! with the critical element length when defined as the point where the pattern of converging crack growth 

rates are within 1% of the converged crack growth rate. 

This surface shows an a lot more predictable pattern and is therefore interesting to create an expression 
for. A second order expression can be seen in figure 5.24 along with the errors in each point. 

 
Figure 5.24: Second order regression analysis of results presented in figure 5.23 and the corresponding error in percentages 
compared to the results from Abaqus. 

An issue with this function is that the results with a low value on 𝛽 are very difficult to determine. 
Therefore the surfaces in figure 5.25 show a least square regression where the results for 𝛽 = 1 have 
been disregarded. The results of this do not improve the error of the function compared to the results 
from the Abaqus analyses. 

  

Figure 5.25: Results of a second order regression analysis of the results given in figure 5.23 and the error compared to these 
results. 
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The results could be improved by increasing the polynomial of the function to a third order expression. 
This results in the function seen in figure 5.26 and its corresponding error. There is no significant 
improvement compared to the second order regarding the error.  

 

Figure 5.26: Results of a third order regression analysis of the results given in figure 5.23 and the error compared to these 
results. 

The constants of these regression analyses are expressed in same way as for the Π! and can be found 
in table 5.5. 

Table 5.5: Constants for expression for critical element length for second and third order expression either using all values 
for 𝛽, or with the results for 𝛽 = 1 excluded. 

 Second order, 𝛽 ∈ 1,8  Second order, 𝛽 ∈ 2,8  Third order, 𝛽 ∈ 2,8  

𝑘!  0.452465	   0.435264	   0.571794	  

𝑘! (Π!) -‐0.10395	   -‐0.10764	   -‐0.2338	  

𝑘! (Π!) -‐0.20304	   0.031395	   0.550661	  

𝑘! (Π!!) 0.007109 0.00809 0.040392	  

𝑘!(Π!Π!) 0.018655 -‐0.01688 -‐0.20085	  

𝑘! (Π!!) -‐0.08387 -‐0.13693 -‐1.0844	  

𝑘!(Π!!) - - -‐0.0024	  

𝑘!(Π!!Π!) - - 0.018655	  

𝑘!(Π!Π!!) - - -‐0.00647	  

𝑘!(Π!!)  - - 1.633	  
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6 Discussion	  
In Chapter 6.1 issues with the results regarding convergence of the crack growth rate and critical 
element length are discussed, Chapter 6.2 discusses the effects of the time step, 6.3 makes 
comparisons of the results to previous work done by other authors and 6.4 discusses the parameters 
that have been used in the analysis. 

6.1 Convergence	  issues	  
In some point on the surface showing the relation between the first three Π-groups the results have 
not converged fully even after performing additional tests with smaller elements, beyond the ones 
done for all the analyses. These results therefore have a converged crack growth rate which is 
approximated from the results, using the crack growth rate where the convergence could be expected 
to be from the pattern of the previous points by using the least square method. These points have in 
Appendix 1 been marked by a star (*). This gives these results an uncertainty. One solution to these 
issues could have been to keep running analyses with a smaller element length until convergence was 
achieved, but this was not possible because of time limits. Alternatively the geometry could have been 
altered, thereby changing the value of  𝜅!, in order to move the point of convergence. Another possible 
issue might be that these analyses have a large crack growth rate which might have caused the time 
step to affect the results. 

For all the analyses with 𝛽 = 1 the critical element length has been very difficult to define as these all 
converge with a pattern which can be described as wavelike, which can be seen in figure 6.1. 

 

Figure 6.1: Results for 𝛽 = 1 and different values for  𝛱! =
!!!
!!

. 

This behaviour can to some extent be seen for analyses with higher values for 𝛽 as well, but it is not as 
apparent. This behaviour makes it hard to determine the point with 1% error as it is not possible to 
make a reliable least square approximation. In analyses with a higher 𝛽 it can be clearly seen that the 
crack growth rate converges from a large error to a smaller, and even though the results fluctuates, the 
pattern can be clearly defined. In these analyses the same cannot be said as it is not clear from what 
point the average crack growth rate originate from. It seems to converge from a crack growth rate 
higher than the converged crack growth rate, but it is hard to make any more precise predictions. 

With the definition of critical element length as the last point with an error greater than 1% of the 
converged crack growth rate the analyses could be so irregular because the last point have not actually 
been captured. It is very unlikely that the elements which have been analysed would be the ones which 
give an error of 1%. To analyse this efficiently the source of these errors needs to be determined, 
which has not been done in this thesis. 
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6.2 Time	  Step	  
After trying to resolve convergence issues in the models it was realized that the length of the time step 
had a big effect on the results. Since the model is history dependent, which is not recognized by 
Abaqus the results were affected to a great extent by having to large time steps. At first this seemed 
random before the time step was fixed to a value that was relatively small at which point the 
convergence of the results was achieved. 

In the FE- simulations it is shown that the critical element size is dependent on the time step. To 
analyse this was not a part of the original goal of the thesis and since there was no time this was not 
examined to a greater extent. Therefore, the time step used in the analysis is small enough not to  have 
any impact on the result. Because of that this parameter could be ignored in the development of the 
surface for the critical element size. 

The dependence on the time step can be explained by that several elements received a damage  𝐷 = 1. 
This can give a significant difference in crack growth rate as the stress and damage evolution are a lot 
larger in the elements close to the crack tip, which gives a loss of damage if the resolution of the crack 
growth is smaller. In one way it can be said that a time step where several elements lose their load 
carrying capacity is the same as having larger elements. The dependence on the time step also makes 
the analyses even more costly as a smaller element also needs a smaller time step in order to converge. 

6.3 Comparison	  to	  previous	  works	  
This thesis aimed to be able to decide the necessary element size prior to running a fatigue analyse of 
an adhesive joint. Previous work had been doing research using double linked damage theory and  
with other damage laws. In the thesis we tried to do this with single linked damage theory in which the 
stiffness of the adhesive is not decreasing with the damage,  𝐷. The element either has a load carrying 
capacity or not. These models are based upon the assumption that the number of elements needed is 
dependent on the size of the cohesive zone, which for a single linked damage theory model can be 
calculated as the first positive x for which 

𝜎 𝑥 −   𝜎!" = 𝜎!𝑒!!!! cos 𝜅!𝑥 − 𝑠𝑖𝑛 𝜅!𝑥 − 𝜎!" = 0  (6.1) 

which in the case of 𝜎!" = 0 has the solution  𝑥 =    𝑙!" =
!
!!!

 if the damage is assumed to be small 

when 𝑥 > !!!
!

. This can also be seen in the dimensional analysis in which the critical element length is 

proportional to  𝜅!. The critical element length is also proportional to the stress in the crack tip and the 
threshold stress which is in agreement with the size of the cohesive zone. The only way this does not 
correlate is that the material parameter 𝛽 does not affect the length of the cohesive zone but this has an 
effect on the critical element length. 

6.4 Range	  of	  parameters	  tested	  
The results that have been used are not necessarily realistic. The load levels and measures are based 
upon measurements from previous analyses but should to some extent be irrelevant to the results as the 
thesis tests a numerical model and not the physical phenomenon that it is used to model. The values 
that have been used in the analysis could anyway have been determined more carefully. The parameter 
values for 𝛽 given by Walander et al. (2014) for two adhesives was 𝛽 = 8  and 𝛽 = 46.3. Of these two 
only one lies within the range of parameters which has been tested in these experiments which would 
have made it interesting to extend the range in which the model was tested. Regarding Π! it seems 
reasonable to have an upper limit at 40% of the stress at the crack tip. 	  
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7 Conclusions	  
It is possible to derive an expression for the critical element length dependent on the parameters given 
in the damage law that is independent of the load level when using a low value on  Π!, i.e. by using a 
small time step. Therefore the goal of the thesis can be said to have been achieved. But the fact that the 
time step has been disregarded makes the model rather impractical as it is now, since it is very 
ineffective to use a time step that assures convergence, and the time step used has to be tested if the 
other parameters in Π! are altered to make sure it does not affect the results. 

Another consideration is if the results really are reliable since the error fluctuates outside the allowed 
error with element lengths smaller than that given by the function for the critical element length. This 
means that the critical elements given by the function is no guarantee for achieving results within a 
certain error margin. 

7.1 Future	  Work	  
The results of this thesis could be continued and improved upon in several ways. 

7.1.1 Improvements	  of	  analyses	  
The analyses could be improved by decreasing the crack growth rate by altering other parameters such 
as  𝜅!, 𝜎!

! and  𝛼. This might give results from which it is easier to determine both the converged crack 
growth rate and the critical element length. This might also have made it possible to use the halving 
method, which in turn would have given more exact results for the critical element length as the least 
square approximation would not have been necessary. 

7.1.2 Expression	  dependent	  on	  the	  time	  step	  
The expression for the critical time step can be determined using the results of the current analyses by 
using an element size that is converged and lowering the time step until convergence is achieved. By 
developing an expression for this a larger time step can be used safely which reduces the cost of 
analyses, a lot. 

7.1.3 Physically	  related	  expressions	  
The functions that have been derived so far do not relate to the physical problem but is simply a 
numerical representation. Therefore this expression should be complemented by relating the results to 
the physical parameters of the problem. This should be possible for both the crack growth rate and the 
critical element length even though the function for the critical element length needs to be more 
reliable for this to be possible. 

7.1.4 Expression	  for	  mode-‐II	  	  
Another expression needs to be determined which is applicable for mode-II loading. This could be 
performed in the same manner as the expression has been determined in this report by testing the 
specimen shown in figure 7.1. This expression will be dependent on the parameters given by Eq. 
(2.19b) instead of those given by Eq. (2.19a).  

 

Figure 7.1 Loading of DCB specimen in order to achieve pure shear.  
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Appendix	  1	  
Determining the converged crack growth rate and the critical element length and the crack growth rate 
defined as the last point where the error between the crack growth rate and its converged result is 1%. 

𝛽 𝜅! [1/m] M [Nm] 𝛼    [
1

Pa!s
] 

!"
!"
  [µm/s] 𝜎!" [GPa] 𝜎!	  [GPa]	  

!!"
!!

  𝑑𝑎  𝜅!
𝑑𝑁  𝛼𝜎!

! 𝜅!L L[mm
] 

1 149.1 300 7.8947e-13 4.648865 0 1.273 0 0.6897 0.1491 1.00 

2 149.1 40.3498 6.9252e-20 8.266673 0 0.1785 0 0.5586 0.1416 0.88 

3 149.1 17.2837 6.0747e-27 9.300201 0 0.0765 0 0.5099 0.1402 0.94 

4 149.1 11.1977 5.3287e-34 10.33309 0 0.049543 0 0.4799 0.1059 0.71 

5 149.1 8.5073 4.6743e-41 10.6561* 0 0.0376 0 0.4523 0.1685 1.13 

6 149.1 7.0951 4.1003e-48 11.1111* 0 0.03139 0 0.4223 0.0149 0.10 

7 149.1 6.3637 3.5967e-55 13.5153* 0 0.02816 0 0.3995  0.0119 0.08 

8 149.1 5.7942 3.1550e-62 15.50000 0 0.0256 0 0.3971 0.0715 0.48 

1 149.1 300 7.8947e-13 3.671905 0.1273 1.273 0.1 0.5448 0.2922 1.96 

2 149.1 40.3498 6.9252e-20 6.296976 0.01785 0.1785 0.1 0.4255 0.0388 0.26 

3 149.1 17.2837 6.0747e-27 6.526228 0.00765 0.0765 0.1 0.3578 0.0596 0.40 

4 149.1 11.1977 5.3287e-34 6.642642 0.004957 0.04954 0.1 0.3085 0.0820 0.55 

5 149.1 8.5073 4.6743e-41 6.200005 0.00376 0.0376 0.1 0.2632 0.1416 0.95 

6 149.1 7.0951 4.1003e-48 6.200134 0.003139 0.03139 0.1 0.2356 0.0790 0.53 

7 149.1 6.3637 3.5967e-55 6.642642 0.002816 0.028155 0.1 0.1963  0.1044 0.70 

8 149.1 5.7942 3.1550e-62 6.888916 0.00256 0.0256 0.1 0.1765 0.0746 0.50 

1 149.1 300 7.8947e-13 2.988146 0.2546 1.273 0.2 0.4433 0.0910 0.61 

2 149.1 40.3498 6.9252e-20 4.649618 0.0357 0.1785 0.2 0.3142 0.1551 1.04 

3 149.1 17.2837 6.0747e-27 4.428579 0.0153 0.0765 0.2 0.2428  0.1088 0.73 

4 149.1 11.1977 5.3287e-34 4.043511 0.0099 0.049543 0.2 0.1878  0.1461 0.98 

5 149.1 8.5073 4.6743e-41 3.521691 0.0075 0.0376 0.2 0.1495  0.0373 0.25 

6 149.1 7.0951 4.1003e-48 3.100000 0.006278 0.031391 0.2 0.1178  0.0805 0.54 

7 149.1 6.3637 3.5967e-55 3.100000 0.005631 0.028155 0.2 0.0916 0.0343 0.23 

8 149.1 5.7942 3.1550e-62 2.907686 0.0051 0.0256 0.2 0.0745 0.0179 0.12 

1 149.1 300 7.8947e-13 2.384660 0.3819 1.273 0.3 0.3538 0.0880 0.59 
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2 149.1 40.3498 6.9252e-20 3.351043 0.0535 0.1785 0.3 0.2264 0.1521 1.02 

3 149.1 17.2837 6.0747e-27 2.855124 0.0229 0.0765 0.3 0.1565 0.0388 0.26 

4 149.1 11.1977 5.3287e-34 2.342784 0.0149 0.049543 0.3 0.1088 0.0775 0.52 

5 149.1 8.5073 4.6743e-41 1.801804 0.0113 0.0376 0.3 0.0765 0.0388 0.26 

6 149.1 7.0951 4.1003e-48 1.409840 0.009417 0.031391 0.3 0.0536 0.0567 0.38 

7 149.1 6.3637 3.5967e-55 1.272856 0.008447 0.028155 0.3 0.0376  0.0343 0.23 

8 149.1 5.7942 3.1550e-62 1.042721 0.00768 0.0256 0.3 0.0267 0.0224 0.15 

1 149.1 300 7.8947e-13 1.869424 0.5092 1.273 0.4 0.2773 0.1118 0.75 

2 149.1 40.3498 6.9252e-20 2.296367 0.0714 0.1785 0.4 0.1552 0.0641 0.43 

3 149.1 17.2837 6.0747e-27 1.722142 0.0306 0.0765 0.4 0.0944 0.1163 0.78 

4 149.1 11.1977 5.3287e-34 1.240299 0.0198 0.049543 0.4 0.0576 0.0746 0.42 

5 149.1 8.5073 4.6743e-41 0.838227 0.0150 0.0376 0.4 0.0356 0.0626 0.40 

6 149.1 7.0951 4.1003e-48 0.560229 0.012556 0.031391 0.4 0.0213 0.0432 0.29 

7 149.1 6.3637 3.5967e-55 0.435818 0.011262 0.028155 0.4 0.0129 0.0373 0.25 

8 149.1 5.7942 3.1550e-62 0.316273 0.0102 0.0256 0.4 0.0081 0.0358 0.24 

*These results are not fully converged and should therefore be seen as approximations. 

With the critical element length defined as the point where the average crack growth rate is 1% of the 
converged crack growth rate. 

 Π! = 0 Π! = 0.1 Π! = 0.2 Π! = 0.3 Π! = 0.4 

 𝜅!𝑙 𝑙 𝜅!𝑙 𝑙 𝜅!𝑙 𝑙 𝜅!𝑙 𝑙 𝜅!𝑙 𝑙 

𝛽 = 1 0.3966 2.66 0.3742 2.51 0.2863 1.92 0.2535 0.95 0.2236 0.91 

𝛽 = 2 0.2386 1.49 0.2430 1.63 0.2594 2.1 0.3057 2.31 0.2669 1.96 

𝛽 = 3 0.1834 1.23 0.1759 1.18 0.1431 0.96 0.1223 0.82 0.1118 0.75 

𝛽 = 4 0.1387 0.93 0.1252 0.84 0.1118 0.75 0.0805 0.54 0.0775 0.52 

𝛽 = 5 0.1252 0.84 0.1252 0.99 0.0671 0.45 0.0820 0.55 0.0596 0.40 

𝛽 = 6 0.0820 0.55 0.0805 0.54 0.0820 0.55 0.0552 0.37 0.0432 0.29 

𝛽 = 7 0.0671 0.25 0.0984 0.66 0.0686 0.46 0.0358 0.24 0.0358 0.24 

𝛽 = 8 0.0671 0.45 0.0790 0.53 0.0403 0.27 0.0403 0.27 0.0328 0.22 
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Appendix	  2	  
Flowchart of the program used to generate and interpret the results. 
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Appendix	  3	  
UMAT code used to define the constitutive equations of the cohesive elements. The code is written by 
Alexander Eklind and thereafter edited by Ulf Stigh and the authors. 

CC ** Damage evolution law 
CC ** Generated by A. Eklind. 2013; Edited by Ulf Stigh 2014-03-18; CC ** 
Edited by Axel Josefsson & Johan Wedin 
CC ** 
CC ** -- Single coupled damage theory --- 
CC ** 
   SUBROUTINE UMAT(STRESS,STATEV,DDSDDE,SSE,SPD,SCD, 
   1   RPL,DDSDDT,DRPLDE,DRPLDT, 
   2   STRAN,DSTRAN,TIME,DTIME,TEMP,DTEMP,PREDEF,DPRED,CMNAME, 
   3   NDI,NSHR,NTENS,NSTATV,PROPS,NPROPS,COORDS,DROT,PNEWDT, 
   4   CELENT,DFGRD0,DFGRD1,NOEL,NPT,LAYER,KSPT,KSTEP,KINC) 
C    
   INCLUDE 'ABA_PARAM.INC' 
C 
   CHARACTER*80 CMNAME 
   DIMENSION STRESS(NTENS),STATEV(NSTATV), 
   1   DDSDDE(NTENS,NTENS),DDSDDT(NTENS),DRPLDE(NTENS), 
   2   STRAN(NTENS),DSTRAN(NTENS),TIME(2),PREDEF(1),DPRED(1), 
   3   PROPS(NPROPS),COORDS(3),DROT(3,3),DFGRD0(3,3),DFGRD1(3,3) 
C 
   PARAMETER (zero = 0.d0, one=1.d0) 
 
   REAL*8 Em, nu, eps, thick, w, dw, wth, alpha, beta, 
   1   ddamage, v1, v2, wnoll, apa, En, Gm, sigma 
   2   sigmath, sigma0 
C    
   INTEGER j1, j2 
C    
C Input properties for adhesive given in order: Young's modulus,  
C Poisson's ratio, layer thickness, 
C alpha, sigmath, sigma0  
C 
   Em =   props(1) 
   nu =   props(2) 
   thick =  props(3) 
   alpha =  props(4)    
   beta =  props(5) 
   sigmath = props(6) 
   sigma0 = props(7) 
C 
C Elastic properties 
C 
   En = Em*(one-nu)/(one-2.d0*nu)/(one+nu) 
   Gm = Em/(2.d0*(one+nu)) 
C 
C Set initial values for state variables 
C       
   if (time(1) .eq. zero) then  
     statev(1) = zero 
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     statev(2) = zero 
   end if 
C 
C If damage < 1 calculate damage 
C    
   if (statev(1) .lt. one) then  
     sigmaEff = En*(stran(1)+dstran(1))/(one-statev(1)) 
     if(sigmaEff .gt. sigmath) then 
      statev(1) = statev(1) + alpha*(sigmaEff-sigmath)**beta*dtime 
     endif 
   endif 
   statev(1) = min(statev(1), one) 
   if (statev(1).ge.one) then 
     statev(2) = one 
   end if 
C 
C Tangent stiffness matrix 
C 
   do j1=1,ntens 
     do j2=1,ntens 
      ddsdde(j1,j2)=zero 
     end do 
   end do 
   if(statev(2).lt.one) then 
     ddsdde(1,1) = En 
     ddsdde(2,2) = Gm 
     ddsdde(3,3) = Gm 
   endif 
C 
C Stress 
C 
   stress(1) = ddsdde(1,1)*(stran(1)+dstran(1)) 
   stress(2) = ddsdde(2,2)*(stran(2)+dstran(2)) 
   stress(3) = ddsdde(3,3)*(stran(3)+dstran(3)) 
C 
   RETURN 
   END 


