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Abstract 
In this thesis an experimental method to calculate cohesive characteristics for an adhesive layer in a 

End Notched Flexure (ENF) specimen is presented and evaluated. The method is based on the path 

independent J-integral where the energy release rate (ERR) for the adhesive is derived as a function 

of the applied forces and the rotational displacements at the loading point and at the supports of the 

specimen. The major advantage with the method in comparison with existing theory known by the 

job initiator is that it is still applicable with ENF specimens that are subjected to yielding of the 

adherends.  

The structure of this thesis is disposed so that the theory behind the J-integral method is shortly 

described and then an evaluation of the method is performed by aid of finite element simulations 

using beam and cohesive elements. The finite element simulations indicates that the ERR can be 

determined with good accuracy for an ENF specimen where a small scale yielding of the adherends 

has occurred. However when a fully cross sectional yielding of the adherends is reached the ERR 

starts diverging from the exact value and generates a too high ERR according to input data in the 

simulations, i.e. the exact values. The importance in length of the adhesive process zone is also 

shown to be irrelevant to the ERR measured according to the J-integral method.  

Simulation performed with continuum elements indicates that a more reality based FE- simulation 

implies a higher value of the applied load in order to create crack propagation. This is an effect of 

that the specimen is allowed to roll on the supports which makes the effective length between the 

supports shorter than the initial value when the specimen is deformed. This results in a stiffer 

specimen and thus a higher applied force is needed to create crack propagation in the adhesive layer.  

An experimental set up of an ENF specimen is created and the sample data from the experiments are 

evaluated with the J-integral method. For measuring the rotational displacements of the specimen 

which are needed for the J-integral equation an image system is developed by the author and 

validated by use of linear elastic beam theory. The system calculates the three rotational 

displacements of the specimen by aid of images taken by a high resolution SLR camera and the 

system for measuring the rotations may also be used in other applications than for a specific ENF 

geometry. The validation of the image system shows that the rotations calculated by the image 

system diverge from beam theory with less than 2.2 % which is a quite good accuracy in comparison 

with the accuracies for the rest of the used surveying equipment.  

The results from the experiment indicates that the used, about 0.36 mm thick SikaPower 498, 

adhesive has an maximum shear strength of 37.3 MPa and a critical shear deformation of 482 µm. 

The fracture energy is for this thickness of the adhesive is determined as 12.9 kJ/m
2
.  

This report ends with a conclusion- and a suggested future work- chapter. 
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Purpose with the thesis 
The purpose with this thesis it to evaluate a method used for evaluating the cohesive properties of 

an adhesive layer subjected in shear using an ENF specimen. The method is intended to be applicable 

for ENF specimens subjected to yielding in the adherends and the reliability of the method is 

intended to be determined. The job initiator for the thesis is a research group at the department of 

mechanical engineering at the University of Skövde, Sweden.  

A formula for calculating the ERR of the adhesive layer in an ENF specimen is derived using the path 

independent J-integral statement. The equations reliability is intended to be evaluated with use of 

finite element simulations where the grade of plasticity of the specimen is varied. Also the 

importance of the adhesive process zone length is investigated with the finite element simulations. In 

all simulations the ERR is compared with input data, i.e. the exact values, and also by an alternative 

equation that is already known by the research group.  

After the formula of the ERR is evaluated an application of it is intended to be made by performing 

an experiment of an ENF specimen jointed by the industrial adhesive SikaPower 498. In the 

experiments three rotations are needed for the ERR equation and a vision system that calculates 

those rotations is developed by the author. The vision system is attended to be evaluated by 

comparing the given rotations from the vision system with analytical rotations according to beam 

theory.  

A more advanced FE-model is also created that allows the specimen to slide upon the support 

barrels. This is to determine plausible effects that might have influence in the experimental results.  

In this thesis the results from the performed experiments are not intended to completely determine 

the cohesive properties of the used adhesive. In order to determine the cohesive characteristics 

completely several experiments need to be performed in order to get a confidence level of the 

results. The purpose of the performed experiment is just to demonstrate the application of the 

derived theory.  

Suggestions of future work are also presented to the job initiator in this report.   
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1. Introduction 
Today, the most frequently used specimen to determine energy release rates (ERR) for adhesive 

layers in shear mode is the End-Notched Flexure (ENF)-specimen, cf. figure 1. A properly designed 

ENF-specimen gives almost a pure shear mode behavior at the crack tip and is thus very suitable for 

shear testing of adhesive layers. The greatest benefits with this specimen are that it requires a quite 

simple test set-up and its simplicity to manufacture. In figure 1, Δ is the applied load point 

displacement, F is the applied force and � is the shear deformation at the crack tip. The entire 

specimen is not adhesively jointed and the left part in figure 1 which does not contain any adhesive 

may be interpreted as a crack with length �.   

 

Figure 1. A deformed ENF specimen with out of plane width �. The force � acts symmetrically between the boundaries.  

Existing methods for measuring the ERR in shear requires that certain criterions are fulfilled. The 

general criterion is that the adherends remains elastically and that unloading with respect of � is 

avoided during the complete test procedure until the crack propagates.  

Also, the existing ENF specimen may behave instable when crack propagation of the adhesive layer 

starts. Therefore a stability criterion is established so that the initial crack length, ��, must be longer 

than approximately 35 % of the specimen length when using a rigid adhesive layer [1]. In addition, 

the embedded process zone (EPZ) in which the cohesive fracture occurs must not exceed the loading 

point in order to get reliable results. 

When evaluating modern adhesives with a high mechanical stiffness combined with high fracture 

toughness, the specimens and thereby the test rig becomes unreasonably large in order to fulfill the 

criterions. For an adhesive layer with mode II fracture energy of 30 kJ/m
2
 the height of one adhered, 

denoted � in figure 1, must larger than 60 mm to not deform plastically. 

If the requirement that the adherends must deform elastically could be abandoned, a smaller test 

specimen could be used that would imply tests of high strength- and tough adhesives. By use of the J-

integral statement a derivation of the energy release rate can be established that does not depend 

on plasticity of the adherends as long as unloading is avoided until crack propagation of the adhesive 

layer initiates.  
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2. Basic theory, linear elastic fracture mechanics 
In 1988 Chai [1] derived a formula for the energy release rate based on linear elastic fracture 

mechanics, LEFM. The formula is given in eq. (1) and gives the ERR, for a rigid adhesive layer where 	 

is the Young’s modulus for the adherends and � is the applied load that acts symmetrically between 

the supports. The dimensions 
, � and � used in eq. (1) are shown in figure 1.   

�� �  ����
�� �����      (1) 

The equation is an underestimation of the fracture energy since it does not account the flexibility of 

the adhesive layer. Therefore eq. (1) is a poor idealization of a real adhesive layer and thus a formula 

that does account for the flexibility is needed.  

3. The path-independent J-integral  
Rice [2] presented a path-independent contour integral in his work of studying crack characteristics, 

cf. eq. (2). He showed that the value of this integral, denoted �, is equal to the energy release rate for 

a nonlinear elastic body that contains a crack. An adhesively joined ENF specimen is considered to 

contain an enough sharp crack which makes the J-integral well suited for evaluations of it. The J-

integral can also be used as an interpretation of the stress intensity factor, � and may also be seen as 

the consumed strain energy for a damage subjected specimen.  

In order to investigate if a nonlinear material is elastically or plastically deformed the material must 

first be unloaded. If the loading- and unloading-paths coincide with each other the material remains 

elastic, else the material is in-elastically deformed. Before unloading the material response is 

equivalent for both the elastic and plastic material which may be useful when determine the energy 

release rate using the J-integral method. This implies that the J-integral method is also valid for 

plastic material responses as long as unloading is avoided.  

The J-integral is based on an arbitrary counterclockwise integration path, C. In eq. (2) � denotes the 

strain energy density, � denotes the traction vector and � denotes the displacement vector.  

  � � � �� dy �  · "#"$  d%&'      (2) 

Since the J-integral is path-independent two independent integration paths would end up the same 

results if they have the same start and end point. This is useful when measuring the ERR for the ENF-

specimen since the requirement of stress-linearity is no longer valid as long as the strain energy 

density, U, can be described. By a good choice of two integration paths the strain energy density can 

be determined during the complete test procedure and thus the complete ERR can be determined. 

Two integration paths are shown in figure 2 where C1 is enclosures the crack tip and C2 enclosures 

the complete specimen.   
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Figure 2. Local coordinate systems and integration paths C1 & C2. 

A Cartesian coordinate system is applied at the crack tip in figure 2 with the x-axis fixed along the 

specimen length. The inner integration path C1 is evaluated by eq. (2) and with respect of the 

coordinate system it appears that the material behavior is independent of deformation in length 

direction.  

The deformation for the section of which C1 encloses can be described by the correspondent pure 

peel and pure shear mode respectively. The conjugated stresses and their respective deformation is 

denoted (σ,w) for pure peel and (τ,v) for pure shear. These are illustrated in figure 3. 

  

Figure 3. Deformation mode I & II respectively for the adhesive layer at the crack tip 

By applying eq. (2) on the inner integration path, C1, the energy release rate for the adhesive layer is 

given by eq. (3) where the energy release rate can be interpreted as the consumed strain energy 

release rate for the adhesive layer [3]. A properly designed ENF-specimen gives almost pure shear 

mode behavior at the crack tip and therefore the first term in eq. (3) can be neglected.  

�*+, �- � . /*+, �- d+0� 1 . 2*+, �- d�3� 4 . 2*�- d�3�    (3) 

The conjugated stresses is determined as the differentiation of the ERR in respect of each mode 

respectively. More precisely, the normal stress vs. normal deformation of the adhesive layer is given 

by eq. (4a). 

/*+, �- � 550 �*+, �-      (4 a) 

As for the shear deformation the shear stress vs. the shear deformation is given by eq. (4b). Since the 

ERR for an properly designed ENF-specimen is considered to depend only of the shear deformation of 

6 6 
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the adhesive layer, the shear stress given in eq. (4 b) is also assumed to only depend on the shear 

deformation of the adhesive layer. 

2*+, �- � 553 �*+, �- 4 553 �*�-   (4 b)  

When evaluating the J-integral over integration path C2 two overhangs denoted c and d in figure 2 

are considered. This is to minimize the strains at the vertical boundaries caused by stresses at the 

supports which contribute to the strain energy in the J-integral. These strains are proportional by 

Poisson’s ratio and the radial stresses according to the cylindrical coordinate systems in figure 2. 

These stresses is presented in eq. (5 a, b) [4] for left and right boundary respectively.  

/7 89:; � �  <*�=>-�?� @AB*C-7        /7 7DE�; � �  <>�?� @AB*C-7      (5 a, b) 

These stresses need to be kept as small as possible at the boundaries so that the strains caused by 

them they can be neglected from the J-integral statement. By evaluating integration path C2 

according to eq. (2) with the understanding that the overhangs are large enough so that the strains 

may be neglected, the energy release rate, �, is given by eq. (6).  

� � �� F*1 � H- sin θ� � sin θ< 1 α sin θNO    (6) 

Note that the expression does not contain any material parameters which means that the ERR 

practically can be determined without in advance knowing any material data of the specimen, [3]. 

The rotations in eq. (6) are considered positive when increasing clockwise according to figure 1. 

3.1 Alternative method 

An alternative equation to measure the ERR that does account for the flexibility of the adhesive layer 

is derived by Alfredsson [5] that also considering the applied load to lie symmetrically between the 

supports.  

�*�- � �� ����
����� 1 NP � 3�� �  �<P ��

QRR����    (7) 

In eq. (7) � denotes the initial crack length, �  is the shear deformation at the crack tip and STT denotes the initial shear stiffness of the adhesive layer. When using a mechanically stiff adhesive, 

the third term in eq. (7) may be neglected since it becomes very small in comparison with the two 

previous terms. To obtain the constitutive traction-separation relation of the adhesive material eq. (6) 

or eq. (7) is differentiated with respect of the shear deformation, cf. eq. (4b).  

Eq. (7) is only valid as long as the adherends deform elastically and before the adhesive layer is 

damaged at the loading point. In order to obtain a force-deflection relation that has a unique load 

point displacement for each value of the applied load, a stability criterion must be fulfilled [5]. The 

criterion requires that the initial crack length must be longer than about 35 % of the total specimen 

length using a rigid adhesive layer and for a flexible adhesive layer the initial crack length can be 

slightly reduced and stability will still be obtained.  
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For a flexible adhesive layer Alfredsson [5] proves that the initial crack length can be reduced by 

approximately 10 % of case of the rigid adhesive which results in an initial crack length that must be 

longer than 31.5 % of the specimen length.  



System for measurement of cohesive laws 2009 
 

6 (37) 

 

4. Finite Element Simulations of the ENF-specimen 
In order to verify that the J-integral method is applicable, finite element simulations are performed 

by use of Abaqus version 6.8. The ENF specimen is modeled with beam elements representing the 

adherends and cohesive elements representing the adhesive layer. The objective with the 

simulations is to verify that, for an elastically deformed specimen, the energy release rate evaluated 

by use of the J-integral corresponds to both the integrated traction separation law i.e. the input data 

and also compare the J-integral with the method where the adherends must remain elastic, i.e. eq. 

(7). The results from the simulations should also act as a guideline in the design phase of the 

experiments. The loading case is considered as quasi static in all simulations which means that the 

applied load may be considered as time independent and also the adhesive strain rate is neglected in 

the simulations.   

4.1. Material, damage- and stability- criterions   

The constitutive behavior of the adhesive layer is represented by a saw-tooth model shown in figure 

4. For an uncoupled model the material behavior in each mode respectively is first linear elastic until 

the stress reaches its maximum level. At this level damage initiates in the material and evolves until 

the stress reaches zero and then the crack starts to propagate through the adhesive layer.   

Some cohesive elements in the FE-model may be subjected to repetitive un- and re-loading and 

therefore the damage criterion for the stress-deformation relation needs to be fully understood. 

Consider an uncoupled cohesive element that is subjected to pure and controlled peel deformation, 

see figure 4. The loading path is applied following the dotted black line; it passes the criterion for 

damage initiation at +D and is then unloaded according to the dashed black line. When reloading the 

loading path is following the dotted white line with a reduced stiffness. This is due to damage has 

consumed strain energy in the model, i.e. energy is released from the adhesive material. When the 

model is completely damaged at +U the total energy release is represented by the area beneath the 

complete stress deformation curve and is denoted �V U for mode W. 

 

Figure 4. Constitutive relation for Mode I and II respectively 

In figure 4 the normal and tangential stiffness respective is given by eq. (8s a, b) where 	XY�9TD39  and 	ZXY�9TD39 represents the normal and the effective Young’s modulus, G represents the shear modulus 

and [  represents the Poisons ratio for the adhesive material and should not be mistaken for the 

shear deformation, �.  

SVV � �Z\]^_R`a_; � 	XY�9TD39 *�=b-*�=<b-*�cb- �; ;          STT � e;    (8 a, b)  

1 1 
JI c JII c kss knn 
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The initial thickness of the adhesive layer is j = 1 mm in all simulations. Used parameters for the 

constitutive relation are for peel mode /k�l = 30 MPa, �m U  = 5 kJ/m
2 

and SVV = 4.28 TN/m. These 

values results in an effective Young’s modulus of 4.28 GPa for the used adhesive thickness of one 

millimeter. The critical peel deformation becomes 7.0 µm and damage initiation occurs at 0.33 µm. 

For pure shear mode the given values are: 2k�l  = 40 MPa, �mm U  = 30 kJ/m
2
,  STT = 1.53 TN/m. These 

values results in a shear modulus of 1.53 GPa. The critical shear deformation becomes 1.5 mm and 

damage initiation occurs at 26.1 µm.  

A fundamental criterion for the J-integral is that unloading in respect of � is avoided. Therefore the 

adherends must have a stress-strain relationship that has a long strain deformation before the stress 

is reduced. A type of steel that satisfy this is the Uddeholm Rigor with a maximum stress level at 750 

MPa at a strain of 14 %. Stress-strain data for Uddeholm Rigor is shown in figure 5 [6]. 

 

Figure 5. Engineering Stress-strain relation for the Uddeholm Rigor steel 

The steel is assumed isotropic and elastic with a Young’s modulus 	 = 190 GPa and the yield strength /n = 570 MPa. The plastic stress-strain relation is determined by tabulating values from figure 5. 

Since the maximum strain of the adherends will most likely not exceed more than 14 % in strain, 

which is the value where the stress is decreasing, aspects such as damage are not necessary to 

include for the adherend material. Poisson’s ratio for the steel is 0.325 which results in a shear 

modulus of 71.7 GPa. 

The length of the adhesive process zone is estimated by assuming an elastic behavior according to eq. 

(9) [7] where 	 represents the elastic Young’s modulus for the adherends and h is the adherend 

thickness. The estimated length of the process zone tends to be overestimated using small adherend 

thicknesses.  

op � �Uq � ��< rss t      (9) 

u F-O 
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For the method based on eq. (7) the complete process zone must be contained within the distance 

between the crack tip and the loading point in order to justify several simplifications in the equation 

for the ERR [8]. This implies that eq. (7) is only valid if the process zone is smaller than 0.125 L using 

an initial crack length of 0.375 L. The chosen initial crack length is conservative in respect of the 

stability criterion and is used in all simulations.  

For the J-integral method where the adherends are allowed to yield it should be determined whether 

the process zone have any influence on the ERR or not. Since the process zone length is assumed to 

be smaller for a specimen with a small adherend thickness than the length given by eq. (9) the linear 

assumption is conservative and will thus dimensioning the process zone length.  

4.2. FE-model of the ENF-specimen using beam elements 

A simple possible FE-model of the ENF-specimen is modeled by use of beam elements for the 

adherends and two dimensional cohesive elements (COH2D4) for the adhesive layer. Four 

simulations are performed where the adherend thickness is varied, cf. table 1. The objective with for 

the four different simulations is to compare the J-integral method with the ERR calculated by input 

data, i.e. the exact value, and also with eq. (7).  

Adherend thickness and 

specimen length 

Comments regarding the yielding status for the 

adherends 

Applied load point  

displacement 

h = 100 mm, L = 2.8 m Linear elastic behavior, Lp > 0.125 L Δ = 25 mm 

h = 60 mm, L = 2.8 m Linear elastic behavior, Lp < 0.125 L Δ = 45 mm 

h = 20 mm, L = 2.8 m Yielding initiates at the crack tip, Lp < 0.125 L Δ = 210 mm 

h = 3 mm, L = 200 mm Complete cross-sectional yielding at the crack tip Δ = 35 mm 
Table 1. Simulations performed with varied adherend thickness. 

The design of the simulations is intended to start with an adherend thickness that is large enough so 

that the specimen remains linear elastic during the complete simulation. An initial adherend 

thickness of 100 mm is used. This dimension is quite conservative since a smaller thickness will not 

necessarily cause yielding of the adherends. For this given parameter the process zone length is 

estimated with eq. (9) to 344 mm.  

In order to fulfill the stability criterion that states that the process zone length must be smaller than 

0.125 L when using the conservative initial crack length the specimen length needs to be 2.8 m 

between the supports when the actual process zone is 350 mm.  The overhangs, cf. figure 2, is set to 

100 mm which results in a total specimen length of 3.0 m. This length is used in all simulations, if not 

else is stated.  

Several simulations is showing that the length of the process zone according to eq. (9) is a greatly 

underestimated when using large thicknesses of the adherends. This implies that the 344 mm in 

estimated process zone is not sufficient for the specimen when using an adherends thickness of 100 

mm. Though, the estimated 344 mm in process zone length is shown to be sufficient for an adherend 

thickness of 60 mm and for this thickness the adherends are still linear elastic. The first two elastic 

simulations, with adherend thicknesses of 100 respective 60 mm are thereby used as a verification of 

the dependency of the process zone length. When decreasing the adherend thickness the process 

zone is also decreasing according to eq. (9) and therefore the value of 344 mm is conservative for 

smaller adherend thicknesses than 60 mm.  
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Another simulation is performed where a change between elastic and plastic material behavior 

occurs. To obtain this the adherend thickness is decreased to 20 mm so that a small yielding initiates 

in adherends at a location at the crack tip. Both eq. (6) and (7) are then evaluated against the input 

data in order to determine if the J-integral method is applicable for small plastic material behavior. 

For this simulation the ERR according to eq. (7) is no longer expected to correspond to input data 

since the expression is only valid for elastically deformed specimens.   

A last analyze is made with an adherend thickness of 3 mm that is so small that a significant, fully 

cross-sectional yielding occurs in the adherends. To obtain plasticity, a smaller specimen length than 

the previous used are required. The used length for this specimen is 200 mm and with the two 

equally sized overhangs the total specimen length becomes 300 mm. The estimated process zone 

length is for this specimen according to eq. (9) 59.6 mm which indicates that the space for which the 

process zone must be contained within is insufficient. If the process zone is shown to have influence 

on the ERR according to eq. (6) this analyze may not regenerate the ERR according to input data.  

In order to capture cohesive fracture, the finite element density needs to be fine enough to capture 

the cohesive crack propagation process. To capture cohesive fracture a high number of cohesive 

elements needs to lie within the process zone to capture the fracture process and also to get a 

smooth F-Δ-curve. Each adherend is in all simulations modeled, including the two overhangs, by use 

of 3 000 two-dimensional Timoshenko beam elements of type B21. The chosen number of elements 

results in an element length of 1.0 respective 0.1 mm for the different specimen lengths. Both the 

beam and the cohesive elements has the same dimensions in the specimen length direction which 

results in that the adhesive layer is modeled by 1 850 cohesive elements with the overhangs included.  

The B21 element has two translational and one rotational degree of freedom per node and is well 

suited for large rotational deformations since they can obtain shear deformations through the beam 

sections. Though, the beam elements and cohesive elements are not fully compatible with each 

other because the beam elements have a rotational degree of freedom per node and the cohesive 

elements only have two translational degrees of freedom per node. Therefore 2D-connector 

elements of type CONN2D2 are used that connects the nodes of the beam element to the cohesive 

elements. The greatest advantage with connector elements in comparison to multi point constraints 

(MPC) is that a MPC eliminates the rotational degree of freedom for the beam element and since the 

rotations are of great interest in eq. (6) connector elements are preferred.  

For every simulation the load point displacement is applied symmetrically between the supports. 

Their magnitudes are tried out so that crack propagation occurs for each simulation and evolves a 

few elements trough the adhesive layer with start at the crack tip. The applied load point 

displacements are given in table 1. The specimens, and also the adhesive layer’s, out of plane width 

is in all simulation the same as the adherend thickness, �. 

The finite element beam model is shown in figure 6 where the boundary nodes are highlighted and 

represented with dots. The figure represents a plastically deformed specimen (h = 3 mm) at a load 

point displacement of 35 mm. Given boundary conditions in all simulations are set so that the two 

left boundary nodes in figure 6 is suppressed in y-direction and the right node is suppressed in both 

x- and y-direction. A controlled load point displacement is applied at the middle boundary node 
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which acts in a purely y-direction

deformed configuration, the load moves to the right in figure 6. 

Figure 6. Deformed beam model at a load point displacement

In figure 6 the connector elements are suppressed and the beam elements are represented as lines. 

Maximum deflection occurs in all simulations 

typical phenomenon for deformed

more precise in the elements closest to the left 

4.3. Results from the simulations

In all simulations given input data for the adhesive layer is represented by a bi

model with a shear mode fracture energy of 30 kJ/m

shear stress is 40 MPa. These values are adapted to the industr

498. The damage initiation for the adhesive occurs at a shear deformation of 

propagation starts at 1500 µm. The shear deformation at the crack tip is in all simulation measured 

according to the body fixed coordinate system illustrated in figure 2. 

The elastic simulation with an adherend thickness of 100 mm is 

enough to not be contained within

from this simulation are given in figure

load is  = 248 kN and it is obtained at a load point displacement, 

shown that the crack propagation starts at 

Figure 7. Force, , vs. 
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direction. The loading point is fixed relative to the mesh. That is, in a largely 

deformed configuration, the load moves to the right in figure 6.  

load point displacement,  = 35 mm. Boundary nodes are highlighted in the figure

In figure 6 the connector elements are suppressed and the beam elements are represented as lines. 

in all simulations between the crack tip and the loading point

for deformed ENF-structures. The specimen starts yielding in the adherends, 

more precise in the elements closest to the left of the crack tip.  

Results from the simulations 

In all simulations given input data for the adhesive layer is represented by a bi

fracture energy of 30 kJ/m
2
 and a shear modulus of 1.53 GPa. 

These values are adapted to the industrial crash resistant adhesive SikaPower 

The damage initiation for the adhesive occurs at a shear deformation of 

propagation starts at 1500 µm. The shear deformation at the crack tip is in all simulation measured 

fixed coordinate system illustrated in figure 2.  

adherend thickness of 100 mm is using a process zone that is large 

within the space between the crack tip and the loading point

his simulation are given in figures 7 to 9. From figure 7 it is shown that the required maximum 

is obtained at a load point displacement,  = 20.93 mm. From figure 7 it is 

e crack propagation starts at  = 21.36 mm.  

 load point displacement, , of the simulation where  = 100 mm. 
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The loading point is fixed relative to the mesh. That is, in a largely 

 
Boundary nodes are highlighted in the figure. 

In figure 6 the connector elements are suppressed and the beam elements are represented as lines. 

loading point which is a 

The specimen starts yielding in the adherends, 

In all simulations given input data for the adhesive layer is represented by a bi-linear saw tooth 

shear modulus of 1.53 GPa. The peak 

ial crash resistant adhesive SikaPower 

The damage initiation for the adhesive occurs at a shear deformation of 26.54 µm and crack 

propagation starts at 1500 µm. The shear deformation at the crack tip is in all simulation measured 

a process zone that is large 

the loading point. The results 

he required maximum 

20.93 mm. From figure 7 it is 

 

= 100 mm.  
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From figure 8 it is shown that the distance for which the process zone needs to be kept inside is 

insufficient. The damage initiation of the adhesive layer at the loading point occurs at a shear 

deformation � = 966 µm. If it should by sufficient the damage initiation of the adhesive layer beneath 

the loading point should occur after a shear deformation of � = 1500 µm which is the maximum 

shear deformation for the adhesive at the crack tip.  

 

Figure 8. Adhesive shear stress, w, vs. shear deformation, x  at the crack tip, for the elements at the crack tip and beneath 

the loading point for the simulation where y = 100 mm.  

Figure 9 shows that the method to determine the ERR using LEFM is, as expected, giving a false 

reproduction of the ERR against the input data since the insufficient space for the process zone. It is 

observed that eq. (7) starts diverging from the actual value when the shear stress at the load point 

becomes larger than the shear stress for the element beneath the loading point which occurs at a 

shear deformation of � = 829 µm at the crack tip. This might just be a coincident and it is not further 

investigated in this thesis but is suggested as future work.  

However, the J-integral method, eq. (6), corresponds well to the input data and thus the conclusion is 

made that the J-integral method is less, or not at all, sensitive to the length of the adhesive process 

zone. This is shown in figure 9 where both the ERR from eq. (7) and the ERR from eq. (6) are 

compared against the exact value, i.e the input data. A more detailed analyze of the grade of 

dependency of the process zone is suggested as future work.  

The theoretical input data is also compared to simulation results according to the inner integration 

path, eq. (3). Those simulations are proofing that the stress-separation term for peel loading in eq. (3) 

may be neglected since the specimen is subjected to a purely shear mode loading. When neglecting 

the peel contribution, eq. (3) is regenerating almost the exact same value as the theoretical input 

data and this also verifies that the J-integral method is applicable using another integration path.  
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Figure 9. ERR, z, vs. the shear deformation, x, at the crack tip for the simulation where y = 100 mm.  

The linear elastic simulation with an adherend thickness of � = 60 mm produces a process zone that 

is small enough to be contained between the distance from the crack tip to the loading point. The 

results from this simulation are given in figures 10 and 11. From figure 10 it is shown that the 

required maximum load to create crack propagation at the adhesive layer is � = 69.3 kN. It is 

obtained at ∆ = 40.59 mm. From figure 10 it is shown that the crack propagation starts at ∆ = 42.17 

mm.  

 

Figure 10. Force, �, vs. load point displacement, ∆,  of the simulation where y = 60 mm.  

Since the space between the crack tip and the loading point is sufficient for the process zone the ERR 

using eq. (7) gives a correspondence with the ERR against the input data. The energy release rates for 

both methods are compared with the input data and are illustrated in figure 11. However the 

method  based on eq. (7) diverges from the true ERR after the maximum load has been reached and 

this may be the cause of  the simplification of rejecting the third term in eq. (7). The fracture energy 
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according to eq. (7) becomes 30.38 kJ/m
2
 and this should be compared to the true value of exactly 30 

kJ/m
2
 which results in an error in fracture energy of 1.4 %.  

Eq. (6) shows  a good agreement with input data, even after the maximum load is reached at a shear 

deformation of � = 1255 µm. For the J-integral method the divergence in fracture energy is only  

0.4 % in comparison to the input data which is a quite small error. The ERR is also compared to the J-

integral method using the inner integration path which results in eq. (3) and the conclusions are that 

the specimen is subjected to enough pure shear mode loading so that the energy released from the 

peel traction separation can be neglected. Eq. (53) is by neglecting the peel deformations 

regenerating the ERR with a corresponding agreement as for eq. (6).  

   

Figure 11. ERR, z, vs. the shear deformation, x, at the crack tip for the simulation where y = 60 mm.  

By changing the adherend thickness to � = 20 mm yielding initiates in the specimen. Yet the 

adherends are not fully cross sectional yielded in the this simulation. The yielding initiates at the 

crack tip at ∆ = 108 mm and the maximum plastic strain for the adherends at the crack tip is 0.42 %. 

This is also the maximum plastic strain in the entire model and it is a quite small yielding according to 

the stress strain relation given in figure 5. The maximum stress in the entire model is located in the 

adherends at the crack tip and is 607 MPa; the yield stress for the used steel material is 570 MPa.  

The force displacement curve is shown in figure 12 and the yielding initiation is noticed as a small 

curvature change in the reaction force. The maximum load achieved in the simulation is � = 4.46 kN 

and occurs at ∆ = 200.3 mm. Crack propagation starts at ∆ = 203.9 mm. 
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Figure 12. Force, �, vs. load point displacement, ∆, of the simulation where y = 20 mm.  

The ERR for both methods are shown in figure 13 where the shear deformation is measured 

according to a body fixed coordinate system following the crack tip. Since the ERR according to eq. (7) 

is only valid for elastically deformed adherends the ERR diverges from the exact value when yielding 

initiates in the adherends at a shear deformation of � = 266 µm.  

The J-integral method shows good agreement with the input data, even though the maximum load is 

reached at a shear deformation of � = 1310 µm at the crack tip which is before the crack starts to 

propagate at a shear deformation of � = 1500 µm. The conclusion is that the J-integral method is 

applicable for adherends with small plastic deformations.  

A comparison of the ERR with the inner integration path which results in eq. (3) is also made and like 

previous simulations the conclusions are that the specimen is subjected to a pure enough shear 

mode loading that the peel traction separation can be neglected. Also eq. (3) regenerates an ERR 

that shows good agreement with both input data and the outer integration path which results in eq. 

(6).  
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Figure 13. ERR, z, vs. the shear deformation, x, at the crack tip for the simulation where y = 20 mm.  

For the shorter, fully plastic specimen the applied load point displacement, ∆ = 35 mm in the 

simulation. The yielding initiates at the crack tip at a ∆ = 3.53 mm and the plastic strain for the 

adherends is at its maximum 8.14 % which is a high grade of plasticity for the used material. At this 

strain the maximum stress in the model is obtained at the crack tip and the value of it is 740 MPa 

which is near the used materials peek stress level of 750 MPa.  

In figure 14 the initiation of yielding is notated as a decreasing reaction force which creates a lower 

force displacement stiffness in the specimen after yielding have occurred. The maximum load 

achieved in the simulation is � = 258 N and occurs at ∆ = 25.65 mm. Crack propagation does not 

occur until ∆ = 31.05 mm is achieved and since the difference in load point displacement between 

the maximum load and crack propagation needs to be small enough to avoid the J-integral to diverge 

from the true ERR this is a source of error.  

 

Figure 14. Force, �, vs. load point displacement, ∆, of the simulation where y = 3 mm.  

The ERR for the both methods are shown in figure 15. Since the ERR according to eq. (2) is only valid 

for elastically deformed adherends, the ERR starts to diverge from the exact value when yielding 

initiates in the adherends at a shear deformation of � = 55.85 µm. The plastic strain at the crack tip is 

at this state increasing quite slowly with the shear deformation, cf. figure 16, which explains why eq. 

(7) still appears to correspond well a short while after yielding occurs.  
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Figure 15. ERR, z, vs. the shear deformation, x, at the crack tip for the simulation where y = 3 mm.  

The J-integral method shows good agreement with the input data until the maximum load is reached 

at a shear deformation of � = 1045 µm which is quite long before the crack starts to propagate at a 

shear deformation of � = 1500 µm. The plastic strain for a beam element at the crack tip is plotted 

against the shear deformation in figure 16 in order to investigate the possible source of error. It 

appears that the plastic strain converge to a constant value when the shear deformation, � = 1045 

µm indicating elastic unloading. At this shear deformation the maximum load also occurs. The J-

integral requires that the plastic strain is increasing at the complete simulation in order to get 

reliable results and this is thus the cause of the error when applying eq. (6) for this simulation.  

 

Figure 16. Plastic strain in the adherends, |}, vs. the shear deformation, x,  at the crack tip.   

The reaction force also compared to the plastic strain for an element in the adherend at the crack tip. 

Until the point where the maximum load occurs, the strain is increasing with the reaction force. At 

the point where the maximum load occurs, the curve is forming a vertical asymptote i.e. the element 

is unloaded from a plastic state at this point. The J-integral method requires that unloading from a 
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plastic state is avoided until crack propagation occurs and thus the J-integral is no longer valid for 

determine the ERR in the specimen.  

 

Figure 17. Force, �,  vs. plastic strain, ~},  at the crack tip. 

The results from the four simulations show that the J-integral method is applicable independent of 

the length of the process zone. Also the method handles small yielding in the adherends but when a 

fully cross sectional yielding occurs in the adherends for the smaller specimen the method diverges 

from input data after the point where the maximum load is reached. This is due to that, at this point, 

the specimen is unloaded from a plastic state and thus eq. (6) fails to generate the ERR according to 

the true ERR from input data. 

The unloading is also shown as an asymptote in the reaction force versus plastic strain curve shown 

in figure 17. For the method to be valid the force must not decrease with the plastic strain until crack 

propagation and thus the cause of the error is determined.  

A beam model may be a poor idealization of a real ENF specimen, especially if the required load point 

deformation to crate crack propagation becomes large in comparison with the specimen length. This 

is due to that the boundary conditions that is used for a beam model prevents the specimen to 

deform naturally which generates a higher stiffness of the adherends that actually is true. The higher 

stiffness generates an earlier crack propagation of the adhesive layer at the crack tip and since the 

ENF-structure is strongly dependent of the adhesive strength, the specimen will act differently than if 

a better model has been used.  

In table 1 it is shown that in order to crate crack propagation the required LPD is increasing with a 

smaller thickness of the adherends. This implies that the inaccuracy of the beam model idealization 

becomes larger with a specimen using a small adherend thickness and thereby also for a specimen 

subjected to a large yielding.  
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4.4. FE-simulation with continuum elements 

specimen 

A more complex two dimensional model is created

replacing the beam elements in the previous model 

obtain more accurate model but also to

adherends. The simulations are also used 

that may contribute to the J-integral

Continuum elements are sensitive to 

displacements as boundary condit

results in large displacements at the

these regions are modeled as three 

material used for the adherends. 

the support barrels may be regarded

generate an ill-conditioned globa

freedom in the barrels are not sharing nodes with

the connections between the degrees of freedom are controlled by contact criterions. 

The contact criterions are established at 

friction coefficient of 0.21 is assigned at all 

influence the J-integral but since the aim of this simulation

model to a real ENF specimen, the friction is assumed necessary. 

barrel perimeters each barrel is modeled with 

Figure 18. Mesh

In order to obtain pure shear 

adherends. The distance barrel has

barrels but a diameter equal to

barrel and the adherends are also generated. 

barrels and Φ = 1 mm for the distance barrel. 

Each adherend is modeled with four node plane stress 

density is 300 elements in length

by 175 cohesive elements and the dimensions

the beam-model.  The deformed finite element model is shown in figure 1

support and distance barrels.  
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simulation with continuum elements for the fully

dimensional model is created for the fully cross sectional 

in the previous model with continuum elements

obtain more accurate model but also to obtain a more detailed study of the grade of plasticity in the 

The simulations are also used to discover the effects of the boundary stresses

integral.  

sensitive to concentrated nodal loads. Therefore c

conditions, which are used in the beam model, are not suited since th

at the two supports and loading point of the ENF

three barrels with a significantly higher elastic stiffness than the steel 

material used for the adherends. By significant a factor of one thousand is assumed which i

regarded as rigid bodies. The significantly higher stiffness will not 

conditioned global stiffness matrix for the entire FE-model since the degrees of 

sharing nodes with any degrees of freedom in the adherends. 

the connections between the degrees of freedom are controlled by contact criterions. 

ontact criterions are established at all interfaces between the barrels and the adherends 

is assigned at all contact surfaces. The use of friction in the model 

integral but since the aim of this simulation is primary to generate a mo

the friction is assumed necessary. To get a smooth curvature of 

is modeled with 100 elements per barrel, cf. figure 18

 

Mesh structure of the distance- and also the support barrels.

 loading at the crack tip, a distance barrel is 

has the same material assignment and mesh-structure as the 

equal to the adhesive thickness. Contact criterions between

are also generated. The diameters are Φ = 20 mm for the 

for the distance barrel.  

four node plane stress continuum elements, CPS4

in length- and 7 elements in height-direction. The adhesive layer is modeled 

the dimensions and material data for the simulation

The deformed finite element model is shown in figure 1

Φ 
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for the fully-plastic 

for the fully cross sectional yielded specimen by 

with continuum elements. The objective is to 

the grade of plasticity in the 

the effects of the boundary stresses, cf. eq. (5) 

Therefore constrained nodal 

not suited since these 

the ENF-structure. Instead 

stiffness than the steel 

By significant a factor of one thousand is assumed which imply that 

higher stiffness will not 

model since the degrees of 

in the adherends. Instead 

the connections between the degrees of freedom are controlled by contact criterions.  

between the barrels and the adherends and a 

The use of friction in the model 

primary to generate a more accurate 

To get a smooth curvature of the 

per barrel, cf. figure 18.  

and also the support barrels.  

is used between the 

structure as the support 

between the distance 

for the three support 

, CPS4 and the used mesh 

adhesive layer is modeled 

mulation are equivalent  to 

The deformed finite element model is shown in figure 19 together with the 
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Figure 19. Deformed FE-model at a load point displacement of ∆ = 35 mm, y = 3 mm and � = 200 mm. 

The used boundary conditions for the continuum model are that all nodal displacements of the three 

support barrels are suppressed in both directions except for the middle barrel which has a controlled 

deformation in the y-direction. These boundary conditions imply that the three support barrels are 

unable to be deformed independently of their assigned material data. The distance barrel is given 

boundary conditions to be free in y- and suppressed in x-direction which, due to the contact 

criterion, allows the barrel to move controlled by the adherends. The distance barrel is, unlike the 

support barrels, able to deform and since the diameter of it needs to be unchanged in order to 

obtain the pure shear deformation at the adhesive crack tip, the Young’s modulus for the barrel 

material is set be the same as for the support barrels, i.e. to act as a rigid body.  

In the continuum, model the specimen is not assigned any boundary conditions at all. Instead the 

contact criterions govern the deformation of the specimen which is a major difference from the 

beam model where all boundary conditions act on the specimen.  

Since the ENF-specimen is subjected to bending stresses, the possibility of shear locking is of great 

importance for the results when using CPS4 elements. The CPS4 elements are using isoparametrics 

and can give rise to shear locking if an element is subjected to a too large bending deformation that 

in turn will cause a higher stiffness of the adherends than for, e.g. a beam element model. Therefore 

the reaction force vs. LPD for the advanced model is compared with two identical simulations where 

the element type is changed to CPS4R and CPS4I. The CPS4R elements are using reduced integration 

and the CPS4I elements is for incompatible modes. Both these elements are less sensitive to shear 

locking than the CPS4 elements but the CPS4I elements are unfortunately more sensitive to hour 

glassing [9]. The comparison of the force vs. LPD is shown in figure 20 for all used element types. The 

dotted vertical lines are data only for the simulations using CPS4 element.  

The required LPD to create crack propagation is for the CPS4-element model ∆ = 31.94 mm which 

should be compared to ∆ = 31.05 mm for the beam-, ∆ = 30.68 mm for the CPS4R- and ∆ = 26.41 mm 

for the CPS4I-element model. The influence of shear locking is thus small which is an effect of that a 

high mesh density is used in the adherend thickness direction. The higher force for the CPS4I element 

simulation is due to effect of hour glassing. The scatter in the curves from the continuum elements 

are due to the element discretization of the barrels perimeters and could be reduced by use of more 

element representing each barrel. The scatter is also more obvious after the point where the 

maximum force is reached.  This is due to that sliding occurs between the support barrels and the 

specimen at this point that have influence on the load point displacements.  

Sliding of the specimen 
y 

x 

Distance barrel 

Sliding of the specimen 
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An explanation of the higher �-∆ curves for the continuum element models may be that the 

specimen is allowed to slide on the support barrels which make the effective distance between the 

support barrels shorter, cf. figure 19, and thus the specimen becomes stiffer. The curve for the CPS4-

element in figure 20 is following the curve for the beam element model until the specimen begins to 

slide on the support barrels which corroborate this theory. The sliding result also in that the crack 

length is changed during the simulation. This occurs even before crack propagation starts which also 

influences the specimen stiffness.  

   

Figure 20. Force, �, vs. load point displacement, ∆,  of the FE-simulations for the specimen where y = 3 mm.  

When evaluating the ERR according to eq. (6) the rotations of the adherend need to be determined. 

In a continuum model there are no rotational degrees of freedom as for a beam model and thus the 

rotations needs to be calculated from nodal displacements. This is done by first assuming that the 

side length of the element that the rotation is determined at is unchanged during deformation. 

Simulations show that this assumption is reasonable since the deformation of the element side 

length is negligible to the rotational deformations. Then the y-deformation of two neighboring nodes 

within the element is used to determine the rotational displacement of the desired element. The 

rotation is given by eq. (10) where �n� and �n< denotes the y-deformation for the local node one and 

two respectively within the element being measured.  

�V � �����W � ���=���98_89VE�;&    ; W � 1,2,3    (10) 

The rotations are in the evaluation determined at the middle elements in thickness of that adherend 

where the reaction forces for the support acts. This implies that ��and �N are measured in the lower 

adherend and �<in the upper. Positive directions for the rotations are given to be clockwise 

according to figure 1. The element side length is in the simulation using CPS4 elements one 

millimeter and the ERR using the J-integral method for this simulation is given in figure 21 together 

with the exact curve and the ERR determined from LEFM.  

The ERR for the CPS4-elemnt model evaluated by eq. (6) diverges with the curve generated by input 

data, cf. figure 21. The J-integral generates a higher ERR and this might be due to the effect of sliding. 
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The sliding generates a higher specimen stiffness that, in turn, generates a higher reaction force that, 

in its turn, might generate a higher ERR. The ERR according to eq. (6) is diverging after the point 

where sliding with respect of the shear deformation occurs which corroborate the theory of that the 

failure is due to sliding of the specimen. According to figure 21 yielding starts at the crack tip at a 

shear deformation of � = 62 µm and the maximum load is obtained at a � = 860 µm. Crack 

propagation according to input data occurs at a shear defamation of � = 1500 µm.  

   

Figure 21. Energy release rate,  z, vs. the shear deformation at the crack tip, x,  for the CPS4-element model.  

The higher stiffness caused by the sliding effect is also affecting the rotational deformations, cf. table 

2. For the continuum model the rotations are in general smaller than for the beam model, which 

indicates that the continuum model is stiffer.  

Rotational displacement when crack 

propagation initiates 

�� 

[-] 

�< 

[-] 

�N 

[-] 

Continuum element model (CPS4)  0.5119 -0.2888 -0.3338 

Beam element model (B21)  0.5414 -0.2809 -0.3230 
Table 2. Comparison of the rotational displacement when crack propagation initiates. 

Though, the percentage difference in force for the beam vs. the continuum model is larger than the 

percentage difference of rotational displacements when crack propagation initiates. This explains 

that the ERR becomes higher for the continuum element model. The results from the continuum 

model reveals that the ERR from eq. (6) is overestimated when using a more reality-based model. 

This is an important knowledge when analyzing the experimental results from an experiment.  
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5. Experimental procedure 
To capture the complete cohesive characteristics of the adhesive layer according to eq. (8) the 

reaction force, the shear deformation at the crack tip and three rotations need to be measured. Also 

the geometry of the specimen needs to be known and thereby the specimen width, B. 

An electromechanical tensile test machine is used with a three point bending fixture. The loading 

force is measured by a standard force transducer and the load point displacement and the shear 

deformation at the crack tip are measured by use of linear variable differential transformers (LVDT).  

Three blue-painted ribs are attached to the specimen and a monochromatic white background is 

placed behind the ribs. High resolution images are taken at regular time intervals of five seconds 

from an angle directed normally to the background. The purpose to painting the ribs blue is further 

explained in the vision system subchapter.  

The ribs are allowed to deform with the specimen and by aid of an image system the rotations θ1, θ2 

and θ3 are evaluated numerically from the taken images. The used software is Microsoft Visual Studio 

together with the Open CV module. Three spot lights light up the background to increase the 

contrast between the ribs and the background and to minimize shades of the ribs that might 

interfere when analyzing the images with the image system.  

The experimental set-up is shown in figure 22, provided by Biel [10]. 

 

Figure 22. Experimental set-up, three point bending, the LVDT measuring the LPD is not shown in the right figure 

All results from the surveying equipment used in the experiments are given as a function of time 

which means that all data from the simulations needs to be synchronized to each other. This implies 

that the resolution of the experiments never can be better than the sample data from that surveying 

equipment which has the fewest sample points. The image system is shown to be the critical element 

in the experimental equipment since it has a maximum resolution of one image every fifth second 

when using the camera with a trigger software. This is due to that the used camera software requires 

that the images are stored on an external data space during the experiment and the data transfer is a 

time consuming action.  

Camera captured frame, cf. figure 23 
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This should be compared to the LVDTs which generate sample data every tenth of a second or the 

force transducer where the number of final data points is specified and where the maximum 

resolution of them are more than well comparable with the LVDTs.  

The image frame rate of the camera can be increased to about three images per second if the photos 

are released manually and stored at the cameras flash memory card. For this a high accuracy 

metronome is used to verify that the images are taken at the correct time point in the experiment. 

The metronome is set to give a signal every time a picture is to be taken.  

By taking images every time the metronome signals, the total error in time for the sample points may 

be neglected when many images are taken. This is due to that exact reference point is continuously 

updated and thus the maximum error in time for the last picture to be taken is the time increment 

between the signal and the time when the image is actually taken. By taking an image relative a fixed 

time the error becomes additative for every image which means that the error for the last taken 

image is the sum of errors for all images.  

The image frame rate for the performed experiment is one image per second and the speed of the 

load point is 1 mm/min. The results of the experiment are presented in chapter 7. In the experiment, 

the load is applied asymmetrically between the supports with H = 0.7 which results in a length from 

the support at the crack tip to the loading point of 60 mm, cf. figure 2.  

5.1. Specimen 

The ENF-specimen is manufactured by partly joining two steel plates with an adhesive. In order to get 

the adhesive thickness correctly and equally along the specimen length, two Teflon-spacers are 

placed between the adherends in the manufacturing phase. The spacers are placed at the start of the 

adhesive layer i.e. at the crack tip and the other spacer at the end of the adhesive layer. The spacer 

at the end of the adhesive layer is short enough not to influence of the mechanical behavior of the 

specimen and can thus be neglected. The spacer at the crack tip will remain between the adherends 

during the complete experiment and will act to prevent the adherends to interfere with each other.  

The spacer at the crack tip is also used to get pure mode II loading of the adhesive layer at the crack 

tip. If the friction between the adherends and the spacers may be neglected the adhesive layer will 

be subjected to nearly pure mode II deformation at the crack tip. Therefore the spacers are 

manufactured of PTFE, i.e. Teflon, which has a low friction coefficient in combination with steel. The 

friction coefficient is assumed to be in a magnitude of about 0.05. The used steel for the adherends is 

UDDEHOLM steel RIGOR which is used in the finite element simulations, cf. figure 5. 

The sustainers for the linear variable differential transformers and also the ribs for the angle 

measurement are attached to the specimen by a quick hardening adhesive, Loctite 330 , according to 

figure 22. The sustainer for the LVDT that measures the load point displacement is attached to 

impactor of the testing machine and not the specimen itself. The impactor is considered stiff enough 

that this will not affect the results from the simulations.  

The used adhesive is the crash resistant expoxy adhesive SikaPower 498. It is a hybrid epoxy adhesive 

which by the manufacturer is reported to have a maximum shear strength of approximately 30 MPa. 

The glass transition temperature for the adhesive is approximately 100 degree Celsius and since the 
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experiment is performed at a constant room temperature 20 degree Celsius aspect of glass transition 

is not considered in the experiments.  

The specimen used in the experiments have a length in between the supports of o =200 mm, an 

adherend height, � = 10.56 mm, a width of the specimen, 
 = 5.10 mm and the used adhesive 

thickness is, j = 0.36 mm. The overhangs of the specimen is on the side of the specimen where the 

crack is located 20 mm and on the other side 50 mm which results in a total specimen length of 270 

mm. The initial crack length measured from the left support according to figure 1 is 70 mm.  
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6. Vision system for angle measurement 
An image system is developed in order to calculate the rotations of the beam. High pixel-resolution 

images, cf. figure 22, are taken at regular time intervals during the entire experiment and the images 

are processed in order to determine the rotational displacements using the Microsoft Visual studio 

software. A standard SLR Nikon D90 camera is used with a pixel resolution of 4288 pixels in width 

and 2848 pixels in height that results in an effective pixel resolution of 12.2 Mega pixels. An 

assumption that the higher number of pixels that the camera has the better the results from the 

analyzed images is made. Thus the 12.2 Mega pixels are assumed to be sufficient for measuring the 

rotations with high accuracy.  

The images from the camera are in eight bit RGB-format which means that they consist of red, green 

and blue colors only where the level of each color varies in the range of 0 to 255. This implies that 

each color has 256, which equals 2
8
, levels where pure black is obtained by value zero of all three 

colors and pure white by value 255 respectively. An image may numerically be considered as a three-

layered matrix where each layer represents one of the RGB-color which is useful when the images 

are filtered.  

By painting the ribs in blue, which is one of the three RGB-colors, the ribs can easily be distinguished 

and separated from the background by only consider the blue layer matrix of the image and then 

applying a threshold of that blue layer-matrix. The threshold filter converts the blue layer-image into 

a binary, purely black and white image. A binary image is a one bit image whose pixels only can vary 

between the values zero and one in pixels levels. This implies the binary image has two levels where 

black color is represented as the value zero and white color by the value one. A threshold is a 

function that sets a pixel value to either one if the color level is fulfilled, i.e. is larger than the 

specified number; or else the pixel value is zero.  

The threshold value needs to be large enough to filter out the background from the ribs and still 

small enough so that all of the blue color of the ribs remain. The used threshold is adjusted to put all 

pixels that contain a level of blue color that is less or equal than 15 % of the maximum value of 255 to 

become a pixel value of one, i.e. white.  This results in that the ribs will be represented by black pixels 

and the background as white. The origin RGB image is shown to the left in figure 23 with comparison 

with the binary, thresholded, image to the right.  

 

Figure 23. Left: Origin RGB image of the ribs. Right: Binary, thresholded image of the left image. 

A 

B 
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In figure 23 the rib closest to the right in each image represents the rib attached nearest the crack 

tip. Two enlargements, A and B, are shown of the binary image in figure 23. This is to illustrate that 

the threshold will cause noise, or scatter, when converting the RGB image into a binary image. The 

scatter of the pixels within the ribs may be divided into two categories. The first category is shown in 

enlargement A and is called a cut and the scatter in enlargement B is called cavities.  Diverging pixels 

may also occur in the background area in-between the ribs and is caused by the white balance 

setting of the camera. This type of scatter would for the present binary image be shown as black 

pixels on the white background and the scatter is denoted background noise.  

All types of scatter will influence the results of the angle measurements and therefore the binary 

images needs to be filtered in order to eliminate the scatter. There are two types of filter functions 

implemented in the Open CV module that both are used to filter different types of scatter. In order 

to fill out the cavities and the cuts a function named dilation is used and to delete distinguished 

pixels in the white background a function named erosion is used. These functions are explained in 

chapter 6.1.  

6.1. Mathematical morphology - The erosion and dilation functions 

As declared, the threshold function causes scatter in the binary images, especially at pixels near the 

perimeters of the ribs and at parts that contains significant shades. Therefore the images are filtered 

by use of two binary morphological operators named erosion and dilation. The aim with the 

morphological operators is to obtain a filtered binary image that does not have any cavities, cuts or 

any defected pixels in the background area. It is also desired that the intended origin shapes of the 

ribs remain unchanged which is of advantage when the rotations are calculated.  

The basic procedure when using binary morphology [11] is that by aid of a pre-defined structural 

element, ��, that sweeps over the image draw conclusions on how the structural element fits or 

misses the shapes of the origin image. 

�9 � �1 1 11 1 11 1 1�      (12) 

The used structural element is shown in eq. (12) which is a binary matrix within the second order 

integer grid �<. Further, let 	 be an integer grid and � a binary image, in this case the threshold 

image, which lies within the integer grid. 

6.1.1. Erosion 

Erosion is a function that convolves the binary image with logical AND-operations by mapping the 

image with the structural element. Briefly the erode operation can be explained by that the 

structural element sweeps over the binary image and with logically mathematics set a pixel value to 

zero if it differs from its neighboring pixels according to the used logics.   

The result of erosion is an image that has thinner objects and less distinguished edges. If an object in 

the image is smaller than the used structural element the object will be removed. In the image 

system the erosion is used to filter pixels that distinguish in the area between the ribs, i.e. 

background noise. 
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Mathematically the function erosion of a binary image � with use of the structural element �� is 

defined by [11] 

� � �� � �� � 	|
� � ��     (13) 

where for all � in 	 it yields that 
� is a subspace of the image �. The vector 
� is the translation of �� by the vector z and is given by 


� � �� 1 �|� � ���, � � � 	   (14) 

where � 1 � yields that � is within �� for all � in	.  

Example I illustrates the result of how a binary image A will be eroded with the structural 

element �9. In the example the pixel value one represent white color for a white pixel and zero 

represents black.  
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Example I: � � ��; Erosion of a binary image A with structural element �� 

For the chosen image in example I the erode function makes the black cavity within the object larger 

and also the black frame will become thicker. The erosion functions can thus be seen to have a 

corroding effect of the images.  

6.1.2. Dilation 

Dilation is a function that convolves the binary image with logical OR-operations by use of the 

structural element, S
e
.  Briefly the dilate operation can be explained by that the structural element 

sweeps over the binary image and with logically mathematics set a pixel value to one if it differs from 

its neighboring pixels according to the used logics. The result is an image that has thicker objects with 

less, or smaller, cavities. For the image system the dilation is used to filter the cavities and the cuts in 

the ribs.  

Mathematically the function dilation of a binary image � with use of the structural element �� is 

defined by [11] 

�¥�� � ¦   �§.§���      (15) 

The dilation is based on a union operation where § is a vector that lies within the structural element. 

Union operations is commutative which implies that eq. (15) can be rewritten as 

�¥�� � ��¥� � ¦   ��©.©��     (16) 

Example II illustrates how a binary image B will be dilated with the structural element �9. In the 

example the pixel value one represent white color for a pixel and zero represents black.  
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Example II:  � ª �� ; Example of dilation of a binary image B with structural element �� 

For the chosen image in the example the dilation function makes the cavity within the object smaller 

and the white frame will become thicker. If a cavity is smaller than the used structural element the 

cavity will be completely filled. The erosion functions can thus be seen to have a healing effect of the 

images and since the erosion have as corroding effect, the erosion and dilation operators can thus be 

seen as each other’s opposites. According to eq. (15) the dilation is viewed as the intersection of an 

image with the structural element it yields that erosion is defined as the union of the same 

quantities.   

6.1.2. Filter techniques obtained by combining erosion and dilation 

By combining the two morphological operators an image can be filtered in many different 

reputations. In example III image C is having a black background containing a white square in the 

center. The square is in turn containing a cavity that is not desired. The cavity is smaller than the 

used structural element and should be removed by image filtering. If dilation is applied on the image 

the white square will be filled from the cavity but the square will also grow larger in the outer 

direction. Therefore the dilated image needs to be eroded afterward to obtain its initial outer shape; 

but now with a filled cavity. Example III is shown below and this combination of erode and dilate is 

called a closing of image « by aid of the structural element, ��.  
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¡¡
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²³´µ¶·¸ ¹¹¹: *« ª ��- £ �� ; Closing of a binary image C with structural element �� 

Images may also be filtered by use of algebraic binary mathematics. In example III the cavity in image 

C is filled by closing the image. If only the cavity itself is desired, i.e. an image whose pixel values is 

one only for pixels where the cavity is located this is can be obtained by binary algebraic 

mathematics in combination with the closing operation. This is illustrated in example IV where the 

minus sign denotes a binary subtraction.  
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Example IV: C - *« ª ��- £ �� ; Image C subtracted by the closing of C  

A note in example IV is that subtraction and addition of binary images is not the same as subtract or 

add each matrix element as in regular mathematics.  The fundamental algebra of binary numbers is 

given in table 3.  

1 1 1 � 11 1 0 � 0 1 1 � 10 1 0 � 0       1 � 1 � 01 � 0 � 0 � 1 � 10 � 0 � 0  

Table 3. Fundamental algebra of binary numbers 

The major difference between regular matrix subtractions and binary matrix subtractions is that 

when adding elements, the maximum sum can never exceed the value one. Similarly when 

subtracting binary elements the minimum remnant cannot be lower than the value of zero.  

6.2. Measurement of the rotations 

By filtering the images it is assured that the images do no longer have any defects and therefore the 

rotations of the ribs may be obtained by analyzing the filtered images ribs numerically. The results 

from the filter of the thresholded image in figure 23 are shown in figure 24. All cavities and cuts in 

the ribs have been filled and all scatter in the white background area is removed. Also the boundaries 

of the ribs are straight and smooth which is of great benefit when analyzing the images.  

 

Figure 24. Results from the morphological filters. 

The pixel coordinate of each ribs start and end location in the image is determined for a specified 

row in the image matrix by analyzing the pixel values of every column in that specific row. It is known 

that the image background has a pixel value of one and the ribs have a pixel value of zero. Thus the 

start position of the left rib, denoted » T¼  for the specified row m, is located where the pixel value 

first becomes zero in that row (considering the columns from left to right). The end position of the 

left row in the row m is denoted »9¼ and is obtained by analyzing when the pixel value yet again 
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changes to one. By repeating this procedure all three rib start points for the m
th

 row, denoted » T¼ , » T½  and » T¾ and also the three rib end points, denoted »9¼, »9½ and »9¾ is obtained.  

By analyzing two specified rows in the matrix which thereby has a known distance to each other the 

rotations can be determined trigonometrically according to eq. (17). To obtain a good result the two 

rows, m and n need to have an as large distance from each other as possible. The start and end 

points for the ribs in row m and n are illustrated in figure 25 together with the mean values of the 

ribs start and end coordinates for each row, denoted with the subscript »�¿. 

 

Figure 25. Start-, end- and mean value- coordinates of the ribs in row m and n respectively. 

The mean value of the start and end position of each rib in a row is obtained in order to get a higher 

accuracy of the measurements. The middle coordinate, i.e. the mean value, for the left ribs start- and 

end coordinates are for the m
th

 row denoted » kDY¼  and equivalently for the two other ribs. The angle 

of the rib according to a fictive vertical line is obtained by identifying the difference in horizontal 

position of the ribs at the two rows » and W. Then by knowing that tangens of the ribs rotation 

relative the fictive vertical line is equal to the difference in horizontal direction divided by the vertical 

distance of the row m and n the rotations are given as 

�D � ���j�W kÀ`]` =VÀ`]`
|k=V| ;  where � � o, Á, Â.   (17) 

By determining the rotations against the vertical line for every taken image and then subtract the 

rotations from the initial image, the desired value of the rotation for the respective rib, denoted ��, �<and �Nin figure 1, is obtained for all images. The rotations are exported into a three column 

matrix where the first column is the rotation for the left rib in the images and the last column is for 

the right rib. The number of rows in the matrix equal the number of analyzed images in chronological 

order from the experiment. 

An advantage with the measurement technique is that it does not matter how the ribs initially are 

positioned. This is of great advantage when manufacturing the specimen and attaching the ribs. 

Though, the rotations of the specimen need to be kept small enough so that the ribs never overlap or 

impact each other. If large rotations occur in the specimen, the left and right ribs may be placed so 

that they are pointing out from each other in the beginning of the experiments which prevent them 

to overlap with any other rib.  
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6.3. Validation of the vision system 

In order to verify that the calculated rotations in the vision system correspond with the actual vales a 

single cantilever beam is manufactured and subjected to three point bending. In this experiment the 

three ribs are attached to the beam at the three support positions. The rotations are obtained from 

the visual system and are then compared with elementary beam theory, cf. figure 26.  

The applied force is measured during the experiment together with the load point displacement. The 

load point displacement is mainly measured in order to determine when the beam starts yielding. 

According to Euler Bernoulli beam theory the rotations of the beam at the three supports is given by 

eq. (18 a, b). The rotations are considered positive when increasing clockwise and the left rotation 

corresponds with the left rib in figure 25. The used beam specimen has a length of 200 mm, a width 

of 16.6 mm, a thickness of 5.5 mm and a Young’s modulus of 200 GPa.  

�¼�V�8n;DU�8 � � �¾�V�8n;DU�8 � �¼�
���m ;      �½�V�8n;DU�8 � 0   (18 a, b) 

Eq. (18 a, b) is only valid before the beam deform plastically. Yielding initiates in the beam at  � = 964 N and at this point the load point displacement is ∆ = 3.83 mm.  

 

Figure 26. Rotations, Ã, in units of radians vs. the applied force, �. 

In figure 26 the dashed red curve is the rotations determined with the image system for respective 

rotation. The green dash-dotted curve is the results from the angle calculation with calibrated images 

in order to reduce the distortion effects of the images, cf. chapter 6.3.1. The origin image provides a 

good result in comparison with beam theory. The maximum percental divergence in rotation before 

yielding of the specimen is less than 2.2 % in comparison with beam theory. All measuring equipment 

used in the experiments has a resembling margin of error in their accuracy and thus this error is 

assumed acceptable. Though the possibility of reducing the error of the angle measurements is 

desired and therefore the distortion effect is studied in chapter 6.3.1.  
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6.3.1 Distortion effects  

All camera lenses have defects that result in image distortions. One of the distortion effects are 

called fish-eye distortion and this type of distortion appears in images as trended curves of lines that 

in reality are straight. The effect may also be explained by that the images appear to be curved in two 

dimensions when they actually should be visualized as plane. This phenomenon is often more 

obvious at the image outlines since the distortion becomes larger the further from the center the 

photographed objective is in the image. The distortion effects are also often large in low quality 

cameras that uses low quality optics and also the less optical zooming that is used results in more 

distortion.   

In the vision system the ribs are desired be zoomed in so that they barely is contained within the 

images. This is to increase the numerical accuracy in the calculations of the rotations but this also 

implies that the ribs will be near the outlines of the images and since the distortion effect is more 

significant at the outlines the distortion effect may have influence of the results.  

An open source software code that remaps the images and removes the distortions is provided in 

[12]. The basic idea is that by creating a chess-board pattern with equally sized squares and by taking 

several and randomly images from varying directions of that chess board pattern determines the 

distortions of the used camera. In order to determine the distortion with a reliable result at least ten 

images of a chess board which has at least seven-by-eight, or more, squares needs to be taken [12].  

The undistortion software is also generating two matrixes in which the distortion mathematically is 

described. Those matrixes is then used to remap the images, i.e. decompress the bowed images to 

become plane.  

 

Figure 27. Distortion effects of the Nikon D90 camera. Left: Origin, distorted image. Right: Calibrated image 

The images used in the validation state of the image system are calibrated using the undistortion 

software. In the calibration eighteen random images of a nine-by-twelve chess board pattern is used 

which is sufficient to determine the distortion effects accurately. The rotations of the calibrated 

images are then determined and are compared with the rotations from the distorted, origin images 

in figure 26.  

The distortion effects of the Nikon D90 with a standard lens are very small, cf. figure 27. In figure 26 

it is shown that the maximum difference of the calculated rotations is less than 5 % for the distorted 

vs. the calibrated images. The rotations determined from the original images in figure 26 tend to 
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correspond better to beam theory than the rotations determined from the calibrated, remapped, 

images.  

From this fact it is however not correct to claim that the calibrated images give a false, or less 

correct, representation of the true rotations in comparison to rotations from the origin images. The 

conclusions that can be made is though that the origin, distorted, images is providing a result that 

corresponds that well with beam theory that the origin images does not need to be calibrated before 

calculation the rotations occur.   
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7. Results from the experiments 
The � vs. ∆ curve from the experiment is shown in figure 28 where the maximum load is obtained at ∆ = 2.42 mm and crack propagation occurs at ∆ = 2.55 mm. The maximum required load to create 

crack propagation is according to figure 28 � = 5.16 kN.  

 

Figure 28. Force, �, vs. load point displacement, ∆. 

The rotations obtained by the vision system is presented in figure 29 versus the shear deformation at 

the crack tip, �.  

 

Figure 29 Rotations, Ã, in units of radians vs. the shear deformation at the crack tip, x. 

By combining the force, the rotations and the shear deformation the energy release rate is obtained 

by eq. (6) and presented in figure 30. The experimental results indicates that the SikaPower 498 

adhesive have a fracture energy of 12.9 kJ/m
2
 for the used 0.36 mm thick adhesive layer. The critical 

shear deformation is for this thickness  �U = 482 µm and the maximum load is obtained at a � = 387.7 

µm.  
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Figure 30. ERR, z, vs. the shear deformation, x, at the crack tip.  

The energy release rate is differentiated with respect of the shear deformation in order to obtain the 

stress deformation relation shown in figure 31. To enable differentiation of the ERR curve the curve 

in figure 30 is fitted with a prony serial development which represents the ERR curve with an 

exponential equation of multiple terms. The differentiated prony serial development is shown in 

figure 31 where 2 with respect of � shapes two local maximum points at the curve.  

The results from the prony serial development indicate that the maximum shear stress for the used 

adhesive and its thickness is 37.31 MPa. This value is shown at the global maximum in figure 31 and 

occurs at a shear deformation of � = 242.2 µm.  

 

Figure 31. Adhesive shear stress,  w, .vs. the shear deformation, x, at the crack tip.  

The prony serial is quite sensitive to scatter in the curve to be fitted and therefore the stress 

deformation curve shown in figure 31 is integrated with respect of � and is then plotted in figure 30. 

The ERR determined from the integrated prony serial development accord with the results from eq. 

(6) and this indicates that the stress-deformation curve shown in figure 31 might be accurate.  
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8. Conclusions and suggested future work 
The major advantage in using the method stated in eq. (6) in comparison with the theory stated in eq. 

(7) is that eq. (6) is applicable with ENF specimens subjected to yielding of the adherends. The 

evaluation of the J-integral stated in eq. (6) by use of FE simulations shows that the ERR can be 

determined with good accuracy for an ENF specimen even when yielding of the adherends has 

occurred. The exception is though when unloaded of the specimen occurs, then the J-integral fails to 

generate the true input data.  

The length of the adhesive process zone is shown to not have any influence of the ERR obtained with 

eq. (6). The plastic strain must be increasing with the shear deformation until crack propagation of 

the adhesive layer initiates. When a fully cross sectional yielding of the adherends initiates the ERR 

according to eq. (6) start diverging and generates a higher ERR than the input data. This is due to that 

the plastic strain becomes constant with the shear deformation after the point where the maximum 

load is reached. Further investigations to determine the source of error when using a fully cross 

sectional yielded specimen is suggested as future work for the job initiator.  

The system for measuring the rotations may be used in other applications than for a specific ENF 

geometry. The validation of the image system shows that the rotations calculated by the image 

system diverge from beam theory with less than 2.2 % which is a quite good accuracy in comparison 

with the accuracies for the rest of the used surveying equipment. The image system is shown to be a 

neck of a bottle since the highest rate of images that can be taken is one image per fifth second when 

using a remote trigger software. As future work regarding the vision system the possibility of obtain a 

higher rate of taken images per unit of time is suggested.  

 The results from the experiment indicates that the used, 0.36 millimeter thick SikaPower 498, 

adhesive has an maximum shear strength of 37.31 MPa and a critical shear deformation of 482 µm. 

The fracture energy of the adhesive is determined as 12.9 kJ/m
2 

when subjected to a pure shear 

mode loading.  These results should not be interpreted to be one completely reliable since several 

experiments needs to be performed in order to obtain a higher grade of confidence. The results from 

the performed experiment are just an indication of the cohesive behavior of the evaluated SikaPower 

498 adhesive.  
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