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Abstract. Practical multi-objective optimization problems often involve
several decision variables that influence the objective space in differ-
ent ways. All variables may not be equally important in determining
the trade-offs of the problem. Decision makers, who are usually only
concerned with the objective space, have a hard time identifying such
important variables and understanding how the variables impact their
decisions and vice versa. Several graphical methods exist in the MCDM
literature that can aid decision makers in visualizing and navigating high-
dimensional objective spaces. However, visualization methods that can
specifically reveal the relationship between decision and objective space
have not been developed so far. We address this issue through a novel
visualization technique called trend mining that enables a decision maker
to quickly comprehend the effect of variables on the structure of the ob-
jective space and easily discover interesting variable trends. The method
uses moving averages with different windows to calculate an interesting-
ness score for each variable along predefined reference directions. These
scores are presented to the user in the form of an interactive heatmap.
We demonstrate the working of the method and its usefulness through a
benchmark and two engineering problems.

Keywords: visualization · data mining · multi-criteria decision making
· decision space · trend analysis · objective space.

1 Introduction

Multi-objective optimization problems (MOOPs) are generally formulated as,

Minimize f(x) = [f1(x), f2(x), . . . , fM (x)]
T

Subject to gj(x) ≥ 0 ∀ j = 1, 2, . . . , J
hk(x) = 0 ∀ k = 1, 2, . . . ,K
x(L) ≤ x ≤ x(U),

(1)

where f(x) is the vector of M conflicting objectives, gj(x) and hk(x) represent
J inequality and K equality constraints respectively, and x is a vector of n vari-
ables to be optimized within the bounds

[
x(L),x(U)

]
. Thus, f(x) is a mapping

from the decision space Rn to the objective space RM . The presence of conflicting
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objectives means that there exist multiple optimal solutions that provide a trade-
off among the objectives. Together, these solutions form the Pareto-optimal set.
However, in practice usually only a single optimal solution is desired for imple-
mentation and it can only be identified through a higher-level process, known as
multi-criteria decision making (MCDM). The decision maker (DM) is a person
(or group of persons) that provides the information required in this process.

1.1 A Brief Summary of MCDM Methods

There are four broad classes of MCDM methods [11]: (i) no preference methods
do not involve a DM and therefore the optimal solution is obtained by making
assumptions about a “reasonable” compromise between the objectives, (ii) a
priori methods in which the DM’s preferences are already known and the search
involves finding a Pareto-solution that best satisfies those preferences, (iii) a
posteriori methods where a representative Pareto-optimal set is generated first,
which is then analyzed by the DM to choose a solution that best fits his/her
preferences, (iv) interactive methods use the DM’s preferences iteratively to guide
candidate solutions towards a desirable region of the Pareto-optimal front.

This paper concerns a posteriori approaches that use multi-objective evo-
lutionary algorithms (MOEAs) to obtain Pareto-optimal solutions. Because of
their ability to generate multiple trade-off solutions simultaneously and ease of
handling black-box objective functions, nonlinearities and mixed variable types,
MOEAs are often the popular choice for solving practical MOOPs. However, as
they typically evaluate a lot more candidate solutions than classical a posteriori
MCDM techniques, the number of alternatives to be analyzed by the DM can be
huge. This is especially true when we consider the fact that DMs may sometimes
also be interested in non-Pareto-optimal (dominated) solutions due to hidden or
qualitative objectives based on subjective knowledge that are not reflected in
the MOOP formulation.

1.2 Decision Making and Decision Space

Traditionally, decision making is seen as an activity involving comparison of
objective function values among different solutions. Therefore, DMs have always
been associated with the objective space and most MCDM methods are built
around this concept. However, in their search for the preferred solutions, DMs
may also be interested in knowing various aspects of the decision space that
affect the objective space. For example, (i) which variables are important in the
preferred regions, (ii) how will a specific variable change when the preferences are
changed, (iii) what implicit preferences does the DM impose on the variables with
his/her decisions, or more generally, (iv) what makes a solution Pareto-optimal,
and (v) which variables define the overall structure of the objective space. Such
questions cannot be addressed with a sole view of the objective space. Standard
graphical tools like bar charts, scatter plots and box plots can help to some
extent, but are cumbersome to use for a large number of variables. On the other
hand, it is worth noting that DMs are generally upper-level managers or business
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heads who may not be inclined to delve into statistical analysis to find answers
to such questions.

Based on the discussion above, we argue that when several alternatives are
to be analyzed for a MOOP with many objectives and variables, higher quality
decisions can be facilitated by providing an intuitive decision support to the
DM that can reveal the relationship between decision and objective spaces. To
this end, we propose a novel visualization technique, called trend mining, that
enables a DM to quickly understand the effect of variables on the structure of
the objective space and to easily discover interesting variable trends.

The paper is organized as follows. In Section 2 we review existing visualiza-
tion methods from the MCDM literature. The proposed trend mining procedure
is laid out in Section 3. The working of trend mining is demonstrated in Sec-
tion 4. The paper concludes with a few directions for future development of the
technique.

2 Visualization in MCDM

Visualization methods in MCDM can be broadly classified as generic and specific.
A generic method is any multivariate visualization tool that originated outside
the area of MCDM or EMO. They include basic graphical methods like scatter
plots, pie charts and bar plots, histograms, box-whisker plots, violin and bean
plots, spider/radar/star/polar plots and parallel coordinate plots. They also in-
clude more advanced techniques like biplots, coplots, glyph plots (Chernoff faces,
Andrew’s curves, etc.), mosaic and spine plots, treemaps, dimensional stacking
and radial coordinate visualization. Descriptions of generic methods and their
variants can be found in review articles related to visual data mining [9, 4].

Dimensionality reduction and clustering techniques can also be categorized
under generic methods of visualization when the corresponding reduced dimen-
sions or clusters are visualized in 2D or 3D. Among dimensionality reduction
techniques, principal component analysis, multidimensional scaling, Sammon
mapping, neuroscale, isomaps, locally linear embedding, self-organizing maps
and generative topographic maps have been applied for visualization in MCDM.
Among clustering techniques, k-means, hierarchical and density based techniques
have been used. A detailed discussion on these works can be found in [2, 7].

Generic methods do not differentiate between the “variates”, meaning that
plots can involve only objectives, or only variables, or a combination of them.
On the other hand, specific methods recognize this difference as they have been
developed within the MCDM/EMO field. They are mainly aimed at visualizing
the Pareto-optimal front. Examples include, (i) distance and distribution charts
(ii) value paths (iii) star coordinate system (iv) petal diagrams (v) Pareto race
(vi) interactive decision maps (vii) Pareto shells (viii) level diagrams (ix) two-
stage mapping (x) hyperspace diagonal counting (xi) heatmaps (xii) prosection
method (xiii) aggregation trees. These methods are described with schematics
and references to original works in [2, 7].
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Ironically, most methods developed specifically to aid the decision maker do
not take the decision space into account! The reasoning often given is the fact
that a DM’s preferences are mainly related to objective values, and not decision
variables [10]. We argue, especially in practical decision making processes, that
the better informed a DM is about the impact of variables on decisions and
vice versa, the higher are the confidence and quality of decisions. After all, it
is the decision variables in terms of which the decisions of the DM shall be
implemented.

3 Trend Mining Procedure

The main goal of trend mining is to give the DM a quick intuition about the
effect of variables on the structure of the objective space and to help easily
discover interesting variable trends, irrespective of the number of solutions (N),
the number of objectives (M) and the number of variables (n). Given N solutions
generated by an MOEA, the proposed procedure involves the following five steps:
(i) creation of reference points and reference vectors, (ii) projection of solutions
onto reference vectors, (iii) generation of variable trend lines, (iv) calculation of
interestingness scores, and (v) heatmap visualization of interestingness scores.
These are described in detail in the following subsections.

3.1 Creation of Reference Points and Reference Vectors

Different regions of the objective space are most likely affected in different ways
by the variables. Hence, the first step is to define a region of interest. However,
asking the DM to provide this information defeats the whole purpose of trend
mining, which is decision support. Instead, trend mining uses a set of reference
points to represent multiple initial regions of interest. The reference points are
created uniformly on a standard (M − 1)-simplex1 using the simplex-lattice
design proposed in [5]. This method, described next, is commonly employed in
many decomposition-based MOEAs to generate uniformly distributed weight
vectors [12].

Simplex-lattice design (SLD) generates reference points λ = [λ1, λ2, . . . , λM ]T

in M dimensions using H equal divisions in [0, 1] along each dimension. Thus,
there are H+ 1 possible values for each λi. However, for λ to lie on the (M −1)-
simplex, we also require that

∑
λi = 1 and λi ≥ 0 ∀i. Therefore, there are

(M − 1) free λi values to choose from (H + 1) coordinates with repetition. The

total number of possible reference points is given by
((

H+1
M−1

))
, read as “(H + 1)

multichoose (M−1)”, which can be simplified as
(
H+M−1
M−1

)
. The reference points

are generated sequentially in the following steps:

1. Set j ← 1

1 A standard (M − 1)-simplex has M vertices in RM , each of which is one unit from
the origin along each axis.
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2. Select λ
(j)
1 from

{
0, 1

H ,
2
H , . . . , 1

}
.

3. Select λ
(j)
i from

{
0, 1

H ,
2
H , . . . , (1−

∑i−1
t=1 λ

(j)
t )
}

for i = 2, . . . ,M − 1.

4. Set λ
(j)
M = 1−∑M−1

t=1 λ
(j)
t .

5. If j <
(
H+M−1
M−1

)
, then set j ← j + 1 and go to Step 2.

The main limitation of this approach is that the number of points needed to
satisfactorily cover the (M−1)-simplex grows rapidly withM . Since decomposition-
based MOEAs use population sizes that are in proportion to this number, it
becomes impractical to use SLD for M > 20. In practice, it is convenient to
specify the maximum number of desired reference points, say P , from which H
can be calculated such that

(
H+M−1
M−1

)
≤ P . In this work, a large value of P does

not drastically affect trend mining because the runtime is linear in P .
In order to mimic change of preferences of a DM or simulate navigation

through the objective space, we also define P different reference vectors from
the origin to each of the reference points created above. These reference vectors
will serve as representative decision paths along which the variable trends will
be identified. Since they emanate from the origin, the set of reference vectors
can be denoted as {λ(1),λ(2), . . . ,λ(P )}.

3.2 Projection of Solutions Onto Reference Vectors

Given a set of N solutions evaluated by an MOEA, the next step is to normalize
each objective in [0, 1] to account for differences in their magnitudes. This is
easily accomplished with, fnri = (fi − fmin

i )/(fmax
i − fmin

i ) ∀i, where fmin
i and

fmax
i are, respectively, the minimum and maximum values of fi among the N

solutions. The ideal point of the solutions now lies at [0, 0, . . . , 0]T . Therefore,
the reference vectors created above can be used for navigating the normalized
objective space, fnr.

For identifying variable trends along each reference vector, the solutions also
need to be totally ordered in the objective space. This can be done by projecting
all solutions onto the reference vector and ordering them by their distance from
the ideal point. In other words, the solutions are ordered by their distance from
the ideal point, measured along the reference vector under consideration. For
a given solution x(t) and reference vector λ(j), this distance is given by dtj =
λ(j)T fnr(x(t))

‖λ(j)‖ . The solutions can be ordered either in ascending or descending

order of this distance. We choose to sort them in ascending order of dtj .

3.3 Generation of Variable Trend Lines

Let Dj be the ordered set of distances dtj along reference vector λ(j), and Ij
be the corresponding ordered set of original indices of the solutions. Then Ijk
represents the original index of the k-th closest solution to the ideal point along
λ(j). The trend of a variable xi along a reference vector λ(j) can be interpreted
as the variation in xi values of solutions as one moves from the ideal point
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Decision Space

x(5)

x(1)

x(4)

x(2)

x(3)

fnr
2

Normalized Objective Space

fnr(x(4))

x1

x2

Trend line x
(I3)
2

k54321

fnr(x(1))

fnr(x(5))

d43

Ideal point fnr
1

fnr(x(2))

fnr(x(3))

λ(3)

I3 = {2, 4, 1, 3, 5}
D3 = {d23, d43, d13, d33, d53}x

(I3k)
2Reference points

Fig. 1. Illustration of procedure for generating a variable trend line on a MOOP with
M = 2 objectives and n = 2 variables.

along the vector. This trend can be shown graphically as a line plot of xi
(Ijk)

versus k for k = 1, 2, . . . , N . We refer to this line plot as the trend line xi
(Ij).

Trend mining involves analyzing these trend lines for interesting features. The
definition of interestingness used in this work is presented in the next section.
Note that, the sequence of values xi

(Ijk) ∀k can be treated as a time series, and
methods developed within the field of time series analysis can be used to extract
interesting patterns. We choose a much simpler approach in Sec. 3.4.

Illustration Fig. 1 illustrates the procedure for generating a variable trend line
on a MOOP with M = 2 objectives and n = 2 variables. Given N solutions to
the MOOP that need to be analyzed by a DM, the first step is to choose the
number of reference points. Here, we choose P = 7 points and create the corre-
sponding reference vectors. Next, the objective values are normalized to [0, 1] for
all objectives, so that the ideal point is at (0, 0). Let’s say we want to generate

the variable trend for x2 along λ(3). All N solutions are first projected onto
λ(3). For clarity, Fig. 1 shows this process for five solutions. Next, the distances
dt3, measured along λ(3) from the ideal point to each projected solution, are
calculated. For example, the figure shows that d43 is this distance for solution
x(4). The calculated distances are then sorted in ascending order, which gives
D3 = {d23, d43, d13, d33, d53}, and the corresponding order of original solution

indices, I3 = {2, 4, 1, 3, 5}. The trend of variable x2 along λ(3) is denoted by

x
(I3)
2 , where I3 defines the order in which solutions should appear on the trend

line. Thus, the k-th solution on the trend line should be I3k (k-th element of I3).

The corresponding values of variable x2, denoted as x
(I3k)
2 , are plotted on the

Y-axis.

3.4 Calculation of Interestingness Scores

The total number of trend lines is n×P , n being the number of variables and P
being the number of reference vectors. In real-world MOOPs with high n and M
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Algorithm 1 Calculation of Interestingness Score, Sij

Input: Variable trend line xi
(Ijk) for k = 1, 2, . . . , N

Output: Sij

1: Sij ← 0
2: for s← 1 to blog2 Nc do
3: WindowSize← bN/2sc
4: yk ∀k ← SimpleMovingAverage

(
xi

(Ijk) ∀k,WindowSize
)

5: UpTicks← 0, DownTicks← 0
6: for k ← 1 to N − 1 do
7: if yk+1 > yk then UpTicks← UpTicks + 1

8: if yk+1 < yk then DownTicks← DownTicks + 1

9: Sij ← Sij + |UpTicks−DownTicks| × 100/(N − 1)

10: Sij ← Sij/blog2 Nc %% Average over blog2 Nc window sizes

(hence P ), it can be difficult for a DM to visually analyze the trends. Moreover,
without a way to quantify the strength of a variable trend, any interpretation
about the effect of that variable is prone to subjectivity. We therefore define a
simple metric called the interestingness score that can be calculated for each
pair of variable and reference vector.

In this paper, we consider monotonically increasing or decreasing values of
variables (along the reference vectors) as characteristic features that can aid in
decision making. The interestingness score, Sij , measures how close the variable
trend xi

(Ij) is to being monotonic. It is defined as a function of the number of
UpTicks and DownTicks in the trend line. An uptick occurs every time con-
secutive points on the trend line show an increase in the variable value, and a
downtick occurs when they show a decrease. For example, the trend line gen-
erated in Fig. 1 has UpTicks = 3 and DownTicks = 1. A higher value of the
ratio |UpTicks −DownTicks|/(N − 1) means that the trend is closer to being
monotonic. In order to account for possible non-uniformity of solutions in the ob-
jective space and the corresponding fluctuations in the trend line, Sij is obtained
by aggregating |UpTicks−DownTicks|/(N −1) over several copies of the trend
line at different levels of smoothing. Any appropriate smoothing method may be
used. In this paper, we use simple moving average with a range of window sizes
chosen such that the number of non-overlapping windows increases in powers of
two. Thus, the largest window size will have 21 non-overlapping windows and
the smallest window size will have 2blog2 Nc non-overlapping windows, which cor-
responds to no smoothing. The complete pseudocode is shown in Algorithm 1.
Note that Sij is expressed as a percentage of monotonicity.

3.5 Heatmap Visualization of Interestingness Scores

The interestingness scores are presented to the DM in the form of an interactive
heatmap grid of size n × P . The use of colors makes it easy to identify pairs
of variables and reference vectors with high interestingness scores when n or P
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are high. The DM can choose to investigate a specific {xi,λ(j)} pair by clicking
the color cell (i, j), which shows the corresponding trend line xi

(Ij). A smoothed
version of xi

(Ij), with WindowSize that maximizes |UpTicks − DownTicks|,
is overlaid on the original trend line to highlight the monotonicity of xi. For
MOOPs with M = 2 or 3, a scatter plot of the objective space is also displayed
with the solutions color-mapped to values of xi. The corresponding reference
vector, λ(j), can also be shown, if desired. For M > 3, any of the visualization
techniques discussed in Section 2 may be used.

4 Results and Discussion

We now demonstrate the working of trend mining on three MOOPs, namely (i)
WFG2, (iii) Clutch-brake design problem (CLUTCH), and (iv) Flexible machin-
ing cell design problem (FMC). WFG2 is one of the nine scalable test problems
proposed in [8]. CLUTCH is a mechanical design problem that has analytical
formulation and FMC is a real-world stochastic simulation based MOOP. These
problems have been specifically chosen because they have interesting structural
features in the objective space that are not directly apparent from their problem
formulations. We use P = 10 reference vectors for all problems.

WFG2 The WFG2 problem with M = 3 and n = 12 is solved using NSGA-III
[6] with a population of 100 and maximum number of evaluations set to 10,000.
All other parameters take recommended values.

5

10

15

20

25

30

Fig. 2. Heatmap of interestingness scores
for WFG2.

Fig. 3. Trend line x
(I1)
1 for WFG2 along

with smoothed version (black line).

Trend mining is applied to the evaluated solutions. Fig. 2 shows the obtained
heatmap. For each variable, the black dots indicate the reference vector along
which interestingness is maximum. The figure shows that variables x1 and x2
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Fig. 4. Objective space for WFG2. Solu-
tions are color-mapped to x1 values.
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Fig. 5. Heatmap of interestingness scores
for CLUTCH.

have relatively high interestingness scores along λ(1) and λ(3), respectively, while
all other variables have similar low scores in all directions. Selecting cell (1,1)

generates the trend line x
(I1)
1 , shown in Fig. 3, and the scatter plot of the ob-

jective space in Fig. 4 where the solutions are color-mapped to x1. The figures
together show how x1 influences the structure of the objective space.

Clutch-Break Design Problem (CLUTCH) The problem involves two ob-
jectives for minimizing the system mass (f1) and the stopping time (f2) and five
discrete variables namely, (i) x1: inner disk radius, (ii) x2: outer disk radius, (iii)
x3: disk thickness, (iv) x4: actuating force, and (v) x5: number of disks. The
complete problem formulation can be found in [1]. The problem is solved using
NSGA-II with recommended parameter settings.

Trend mining generates the heatmap shown in Fig. 5 which indicates that,
due to its high interestingness score, the most important variable with respect
to the structure of the objective space is x5. Selecting cell (5, 2) generates the

trend line x
(I2)
5 and the scatter plot of the objective space. The latter, shown in

Fig. 6, reveals that indeed x5 defines various regions of the objectives space.

Flexible Machining Cell Design Problem (FMC) This problem from
production engineering domain concerns multi-objective optimization of a flex-
ible machining cell using a stochastic discrete event simulation model. The
cell involves two workstations, the first of which performs operation Op1 and
the second performs one of three operations Op2A, Op2B and Op2C depend-
ing on the product variant being machined. There are a total of nine vari-
ables, (i) x1 and x2 are buffer levels available for the two workstations that
take integer values in [5, 10], (ii) x3 is a categorical variable which decides
whether to use two slow machines (x3 = 1) or one fast machine (x3 = 2)
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Fig. 6. Objective space for CLUTCH. So-
lutions are color-mapped to x5 values.
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Fig. 7. Heatmap of interestingness scores
for FMC.

for Op1, (iii) x9 is also a categorical variable which decides whether to use
dedicated machines (x9 = 1) or flexible machines (x9 = 2) for Op2A, Op2B
and Op2C, (iv) x4, x5, x6, x7 and x8 are the availabilities (in percent) of the
two slow and the three dedicated machines. They can each take one of the
values in {90, 91, 92, 93, 94, 95}. The objectives are, (i) minimize the total in-
vestment cost (f1), (ii) maximize the throughput of the cell (f2), and (iii) mini-
mize the total number of buffers used (f3). The investment cost is calculated as:

f1(x) =
∑2

i=1 10000(xi−5)+100000(x3−1)+
∑8

i=4 10000(xi−5)+90000(x9−1).
The throughput is obtained using discrete event simulation. The total number
of buffers is simply f3(x) = x1 + x2. The complete description of the problem
and the simulation model can be found in [3].

Fig. 8. Trend line x
(I1)
2 for FMC along

with smoothed version (black line).

5

6

7

8

9

10

Fig. 9. Objective space for FMC. Solu-
tions are color-mapped to x2 values.
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Fig. 10. Objective space for FMC. Solu-
tions are color-mapped to x8 values.

1

1.2

1.4

1.6

1.8

2

Fig. 11. Objective space for FMC. Solu-
tions are color-mapped to x9 values.

Trend mining generates the heatmap shown in Fig. 7. According to the figure,

trend line x
(I1)
2 has the highest interestingness. Selecting cell (2,1), generates the

trend line and scatter plot of the objective space as shown in Figs. 8 and 9,
respectively. The objective space has different “layers” for different values of f3.
Even though, it is known that f3 = x1 + x2, trend mining shows us that these
layers in the objective space are primarily caused by the variation of x2.

According to the heatmap, variables x6, x7 and x8 have similar interestingness
scores along λ(4). This indicates that the three variables have similar effect on
the objective space. Selecting cell (8, 4) generates Fig. 10 which shows that the
throughput (f2) is highly dependent on x8. The same is true for x6 and x7 whose
color-mapped values in the objective space look very similar to Fig. 10. Though
f2 is a function of all variables, trend mining reveals that x6, x7 and x8 are more
important than others for decision making. Note that these variables are of the
same nature as x4 and x5, yet somehow x4 and x5 don’t influence the objective
space as much as x6, x7 and x8.

According to the heatmap, variable x9 has the next highest interestingness
score. Selecting cell (9, 7) gives Fig. 11. Here, we see that the two layered regions
in the objective space separated roughly by f2 ≈ 0.85, are caused by variable
x9. Again, even though x3 is also a categorical variable like x9, it is the latter
that defines the macro-structure of the objective space.

5 Conclusions

In this paper, we have proposed trend mining, a procedure that can reveal in-
teresting relationships between the decision and objective spaces to support the
decision making process. Specifically, the technique analyzes how different vari-
ables change along different directions in the objective space and assigns an
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interestingness score to each variable-direction pair. Trend mining is easy to use
as it involves no non-intuitive parameters and conveys information through vi-
sualization in the form of heatmaps, trend lines and scatter plots. Through a few
problems, we demonstrated how trend mining can help find which variables influ-
ence the structure of the objective space and in what way. Trend mining can be
extended in many ways. For example, in this paper we only looked at increasing
or decreasing trends. The technique can be enhanced to recognize other interest-
ing trends, such as cyclic, step, constant or mixed trends, by incorporating time
series analysis methods. Trends pertaining to various variable interactions, such
as additive, multiplicative etc., can also be analyzed. The overall idea can itself
be used for improving MOEAs by learning the evolutionary trends of variables
during optimization and creating new solutions that extrapolate those trends.
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